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Examination for FY3464 Quantum Field Theory I


Contat: Mihael Kahelrie,tel. 99890701


Allowed tools: mathematialtables


1. Salar eld and sale invariane.


Consider a omplex,salar eld  with mass m and self-interation g
 n


.


a.) WritedowntheLagrangedensityL,explainyourhoieofsignsandpre-fators(when


physially relevant). (5pts)


b.) Determinethe mass dimension in d=4 spae-time dimensions of allquantities in the


Lagrangedensity L. Choose n suh that the ouplingg is dimensionless. (5pts)


.) Set nowm=0andonsider arealsalareld . Findtheequationof motionfor(x).


(4pts)


d.) Assume that (x) solvesthe equation of motion and dene asaled eld


~


(x)e
 Da


(e
 a


x); (1)


where D and a are onstants. Show that the saled eld


~


(x) is also a solution of the


equation of motion,provided that the onstantD is hoosen appropriately. (6pts)


e.) Bonusquestion: Argue,ifthelassialsymmetry(1)is(not)onserved onthequantum


level. [max. 50words℄ (2pts)


a.) The freeLagrangian of areal salar eldis


L


0


=
 1


2
 



 






 1


2
 m


2



 2


:


The relative sign is xed by the relativisti energy-momentum relation, the overall sign by the


requirement that the Hamiltonian isbounded from below. The fator 1/2 inthe kineti energy


leadsto\anoniallynormalised"eld,Thefator1/2forthemassfollowsthenfromtherelativis-


tienergy-momentumrelation. Combiningtwo realeldsintoa omplexone, =(


1
 +i


2
 )=


p


2


gives


L


0


=



 


y



 


 m


2



 y


:


If the self-interation is odd, both hoies of sign will lead to an unstable vauum. If the self-


interationiseven,thehoie g(


y


)
 n=2


willleadto positivepotentialenergyandthusstability


of thevaum.


b.) The ation S =
 R


d
 4


xL has to be dimensionless. Thus [L℄ = m
 4


, [





℄ = m
 2


, and thus


[℄=m. Thene[m℄=m, and theouplingis dimensionless,[℄=m
 0


forn=4.


.) Usingthe Lagrangeequation orvarying diretlythe ationgives


2+
 


3!



 3


=0:



(2)d.) Sety =e
 a


x. Then





x
 


=
 y





x
 





y
 


=e
 a





y
 


and 2


x


=e
 2a


2


y
 . Then


~


satises theequation ofmotion,


2


x


~


+
 


3!


~



 3


=e
 (2+D)a


2


x
 +e


3Da
 


3!



 3


!


=e
 3a





2


x
 +





3!



 3





!


=0:


ifwe hooseD=1. Thusthe salareldshouldsale asits\naive" dimensionsuggests.


e.) Bonus: We disussed inExerise sheet 7 sale invarianeand notedas requirement that the


lassial Lagrangian ontains no dimension-full parameters (whih would x sales). But loop


orretionsintrodueneessarilyasale(inDR,asuto). Asaonsequene,saleinvariane


isbroken byquantum orretions.


Remarks: 1. As alternative in b), one an hek the transformation of the ation; surprisingly,


you ndthentheontraint D=1 andd=4.


2. Ifwedonotassumea=onst: ,weleave Minkowskispaeandhave toonsiderthesalareld


in a general spae-time. Then one nds that the ation is invariant under this transformation


with an arbitrary, postive funtion a(x), if one adds (in d = 4) a oupling R 
 2


=6 between 


and theurvaturesalar R .


2. Fermion eld.


Consider a masslessDira eld with Lagrangian


L =
 


 (i=) :


a.) Derive the propagator S


F


(p)of the eld  . [You donot have todisuss how the poles


of S


F


(p) are treated.℄ (4pts)


b.) Writedown the generatingfuntionalfordisonneted Green funtionsforthis theory.


(4pts)


.) Show that the Lagrange density L is invariant under global vetor phase transfor-


mations U


V


(1), !
 0


= e
 i#


 , and under global axial phase transformations U


A
 (1),


!
 0


=e
 i#


5


 . (6pts)


d.) Show that global symmetry under vetor phase transformation U


V


(1) an be made


loal, if a ouplingto agauge boson is added. (5pts)


e.) Draw the divergent one-loop diagramsand determine their superial degree of diver-


gene D (ind=4spae-time dimensions) for the theory oupled toa gaugeboson. (8


pts)


a.) The Greenfuntions ofthe freeDiraequation (for m>0) aredened by


(i= m)S(x;x
 0


)=Æ(x x
 0


); (2)



(3)whereweomitontheRHSaunitmatrixinspinorspae. TranslationinvarianeimpliesS(x;x
 0


)=


S(x x
 0


) and,performinga Fouriertransformation, theFourieromponentsS(p) have to obey


(p= m)S(p)=1: (3)


After multipliation with p= +m and use of a=
 2


=
 1


2
 f





;
 


ga



 a





= a
 2


, we an solve for the


propagatorinmomentumspae,Aftermultipliationwithp=+manduseofa=
 2


=
 1


2
 f





;
 


ga



 a





=


a
 2


,we an solve forthepropagator inmomentum spae,


iS


F
 (p)=i


p


=+m


p
 2


m
 2


+i"


=
 i


p


= m+i"


; (4)


wherethelast stepis onlymeant asa symbolialshortut.


b.) The pathintegral inphasespae isfor zerosoures


Z[0℄=
 Z


D D
 


e
 iS[ ;





 ℄


=
 Z


D D
 


e
 i


R


d
 4


x
 


 (i= m) 


: (5)


AddingGrassmanniansoures  and gives


Z[;℄ =
 Z


D D
 


e
 i


R


d
 4


xd
 4


x
 0


[
 


 (x
 0


)A(x
 0


;x) (x)+(x
 0


) (x)+





 (x
 0


)(x)℄


=


=Z[0℄exp
 


i
 Z


d
 4


xd
 4


x
 0



 (x)S


F
 (x x


0


)(x
 0


)
 


:


(6)


.) Forvetor transformations, !
 0


=e
 i#


implies
 


!
 


0


=e
 i#





andtheglobalphasesdrop


out. Foraxialtransformations, itfollows withf
 5


;
 


g=0,


0


(x)!e
 i


5


 (x) and
 


 (x)!
 


0


(x)=(e
 i


5


 (x))
 y



 0


=
 


 (x)e
 i


5


: (7)


ThusL withoutmassterm isinvariant too.


d.) Intoduea ovariant derivative,








!D





=



 +iqA





; (8)


whih transforms homogenously,


D





 (x)!D
 0



 0


(x)=f



 +iq[A





(x) 





(x)℄gexp [iq(x)℄ (x)= (9)


=exp[iq(x)℄f



 +iqA





(x)g (x)=U(x)D





 (x): (10)


e.) The theory orrespondsto QED; seee.g. Fig. 11.3 ofthe notes.


3. Unitarity.


a.) Derive the optialtheorem


2=T


ii


=
 X


n
 T





in
 T


ni
:



(4)Givea physialinterpretation of this relation (less than 50words). (6pts)


b.) The vauumpolarisationof a photon,


q q


=
 


(q
 2


)=(q
 2



 


q
 


q
 


)(q
 2


)


is given indimensional regularisationby


(q
 2


)=
 e


2


12
 2





1


"


+ln(4) 6
 Z


1


0


dxx(1 x)ln
 


m
 2


q
 2


x(1 x)



 2





:


Show that gauge invariane, q



 





(q) = 0, implies as tensor struture of the vauum


polarisationtensor 
 


(q)=(q
 2



 


q
 


q
 


)(q
 2


). (4pts)


.) Derive the imaginarypart of the vauumpolarisation,=[(q
 2


)℄. (6pts)


d.) Howdoestheimaginarypartofthevauumpolarisationhanges,iftherenormalisation


sheme is hanged? (4pts)


a.) The unitarityof thesatteringoperator, S
 y


S =SS
 y


=1,expresses thefatthatwe(should)


usea ompleteset ofstates fortheinitialand nalstates ina satteringproess,


1=
 X


n


jn;+1ih n;+1j=
 X


n


Sjn; 1ihn; 1jS
 y


=SS
 y


: (11)


WesplitthesatteringoperatorSintoadiagonalpartandthetransitionoperatorT,S=1+iT,


and thus


1=(1+iT)(1 iT
 y


)=1+i(T T
 y


)+TT
 y


(12)


or


iTT
 y


=T T
 y


: (13)


We nowonsidermatrixelementsbetweentheinitial and nalstate,


hfjT T
 y


j ii=T


fi
 T





if


=ihfjTT
 y


j ii=i
 X


n
 T


fn
 T





in


: (14)


If we set j ii = jfi, we obtain optial theorem as a onnetion between the forward sattering


amplitudeT


ii


and thesatteringinto allpossiblestatesn,


2=T


ii


=
 X


n
 jT


in
 j


2


: (15)


Itrelatestheattenuationofabeamofpartilesinthestatei,dN


i


/ j=T


ii
 j


2


N


i


,totheprobability


thatthey satter into all possiblestatesn: what islost, shouldshowup somewhere.


b.) Using the tensor method, we an express 
 


(q
 2


) asa linear ombination of 
 


and q
 


q
 


.


Imposingthenurrentonservationxesthe relative sign.


.) The onlyrelevant partis thetermwiththe log,


(q
 2


)=
 2



 Z


1


0


dxx(1 x)ln
 


1
 q


2


m
 2


x(1 x)
 


+:::



(5)Thesimplestoptionisto ndthex rangeforwhihthelogis negative foragiven q
 2


,and to use


then=ln(x+i")= .


From 1
 q


2


m
 2


x(1 x)=0,itfollows x


1=2


=
 1


2
 


1


2


 with =
 p


1 4m
 2


=q
 2


. Then


=
 on


(q
 2


+i")=
 2



 ( )


Z 1


2
 +


1


2
 


1


2
 1


2
 


dxx(1 x)=
 


3


(1+2m
 2


=q
 2


): (16)


.) All the dependene on the renormalisation sheme is ontained in loal polynomials of the


elds and their derivatives. Non-analyti funtions like the log term generating the imaginary


partare therefore independentof therenormalisation sheme.


Usefulformulas


f
 


;
 


g=2
 


: (17)


f
 


;
 5


g=0 and (
 5


)
 2


=1: (18)



 


=
 i


2
 [





;
 


℄ (19)


=
 0 y



 0


(20)


1


ab


=
 Z


1


0


dz


[az+b(1 z)℄


2


: (21)


1


k
 2


+m
 2


=
 Z


1


0
 dse


s(k
 2


+m
 2


)


(22)


I


0


(!; )=
 Z


d
 2!


k


(2)
 2!


1


[k
 2


m
 2


+i"℄





=i
 ( 1)





(4)


!


( !)


( )
 [m


2


i"℄


! 


: (23)


I(!;2)=i
 1


(4)


!


(2 !)


(2)


1


[m
 2


q
 2


z(1 z)℄


2 !


: (24)


=ln(x+i")=  (25)
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