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      (1)Solutions to examination in TFY4345 Classical mechanics
 Saturday May 16, 2015


1a) The kinetic energy is


T = 1


2m( ˙x2+ ˙y2+ ˙z2).


Two dimensional polar coordinates recommend themselves, so we write
 x=ρcosϕ , y=ρsinϕ ,


which gives that


˙


x= ˙ρcosϕ−ρϕ˙sinϕ , y˙= ˙ρsinϕ+ρϕ˙cosϕ ,
 and


˙


x2+ ˙y2= ˙ρ2+ρ2ϕ˙2.
 The constraint gives that


z=bρ , z˙=bρ ,˙
 and we get the Lagrangian


L=T −V = 1


2m((1 +b2) ˙ρ2+ρ2ϕ˙2)−mgbρ .
 The Euler–Lagrange equations are:


d
 dt


∂L


∂ρ˙
 


−∂L


∂ρ = d


dt m(1 +b2) ˙ρ


−mρϕ˙2+mgb= 0,
 d


dt
 ∂L


∂ϕ˙
 


−∂L


∂ϕ = d


dt mρ2ϕ˙


= 0.


1b) Sinceϕis a cyclic coordinate, its Euler–Lagrange equation is a conservation law for its
 conjugate momentum, which is the angular momentum`,


mρ2ϕ˙ =`= constant.


Since the Lagrangian is not explicitly time dependent, the Hamiltonian
 H= ˙ρ∂L


∂ρ˙ + ˙ϕ∂L


∂ϕ˙ −L=T+V = 1


2m((1 +b2) ˙ρ2+ρ2ϕ˙2) +mgbρ


is a constant of motion. This is the energy E. When we eliminate ˙ϕthe energy conser-
 vation equation becomes an equation of motion for ρalone,


1


2m(1 +b2) ˙ρ2+ `2


2mρ2 +mgbρ=E .


Another way to derive this equation is to eliminate ˙ϕbetween the two Euler–Lagrange
 equations, this gives the equation


m(1 +b2) ¨ρ− `2


mρ3 +mgb= 0,
with `constant. Then we multiply by ˙ρand integrate.



(2)1c) Assuming ρ to be constant we get from the last equation that


− `2


mρ3 +mgb= 0, `2 =m2gbρ3 .
 The period of the circular orbit is then


T = 2π


˙


ϕ = 2πmρ2


` = 2π
 rρ


gb = 2π
  `


m(gb)2
 13


.


This is a good enough answer, but of course the distance to the origin, measured along
 the conical surface, is not ρ butρ√


1 +b2.


An alternative approach to problem 1 is to introduce the quadratic constraint equation
 f(x, y, z) =z2−b2(x2+y2) = 0,


a corresponding Lagrange multiplierλ, and then write the Lagrangian
 L=T −V −λf(x, y, z) = 1


2m( ˙x2+ ˙y2+ ˙z2)−mgz−λ(z2−b2(x2+y2)).
 The Euler–Lagrange equation for λis the constraint equation,


−∂L


∂λ =z2−b2(x2+y2) = 0.


Since this equation must hold at any time, its time derivative must also hold:


zz˙−b2(xx˙+yy) = 0˙ .
 The Euler–Lagrange equations for x, y, z are


mx¨−2λb2x = 0,
 m¨y−2λb2y = 0,
 m¨z+mg+ 2λz = 0.


There are several ways to eliminate the Lagrange multiplier λ from these equations.


Multiplying the first equation by y, the second byx, and subtracting, we get that
 m(x¨y−yx) =¨ d


dt(m(xy˙−yx)) = 0˙ .
 This equation says that the angular momentum is conserved:


m(xy˙−yx) =˙ `= constant.


Multiplying the first equation by ˙x, the second by ˙y, the third by ˙z, adding and using
 the time derivative of the constraint equation, we get that


m(¨xx˙+ ¨yy˙+ ¨zz) +˙ mgz˙= 0.


Integrating this equation we get the energy conservation equation
 1


2m( ˙x2+ ˙y2+ ˙z2) +mgz=E= constant.


It seems that the Lagrange multiplier method is not very useful in this particular examp-
le, although we easily get these conservation laws.



(3)2a) The formula forr ≤R and the formula forr≥R both give that
 φ(R) =−4π


3 GρR2.
 For r≤R we have that


φ0(r) = 4π


3 Gρr→ 4π


3 GρR as r→R−.
 For r≥R we have that


φ0(r) = 4π


3r2GρR3 → 4π


3 GρR as r →R+.
 2b) The mass inside the radiusr is


M(r) = 4πr3ρ


3 for r≤R , M(r) =M(R) = 4πR3ρ


3 for r≥R .
 The force on the mass m is radial. Forr ≤R it is


F =−mφ0(r) =−4π


3 Gρrm=−GM(r)m
 r2 .
 For r≥R it is


F =−mφ0(r) =−4π


3r2 GρR3m=−GM(R)m


r2 =−GM(r)m
 r2 .


2c) A circle of radius a is the same as an ellipse with semi-major axis a and eccentricity
 zero. The period of the circular orbit is


Tc= 2πa3/2
 pG(M+m) .


When the two particles fall radially towards each other, the orbit is a degenerate ellipse
 with semi-major axis a/2 and eccentricity one. This degenerate ellipse has a period of
 Tc/23/2. The fall until the particles collide is only half of the full elliptical orbit. Hence
 the free fall time is


Tf = Tc


4√


2 = πa3/2
 2p


2G(M +m) .


The alternative method of solution is to solve the equations of motion. Let the positions
 of the two particles be x1 andx2, the distance between them x=x1−x2 >0, and the
 masses m1=mand m2=M. Then


¨


x1 =−GM


x2 , x¨2= Gm


x2 , x¨= ¨x1−x¨2 =−G(M+m)
 x2 .
 Multiplying by ˙x and integrating, and using that ˙x= 0 whenx=a, we get that


1


2x˙2 =G(M+m)
 1


x −1
 a





= G(M +m)(a−x)


ax .



(4)The free fall time is
 Tf =


Z Tf


0


dt=
 Z 0


a


dx dt
 dx =


Z a


0


dx


|x|˙ =


r a
 2G(M+m)


Z a


0


dx
 r x


a−x .


We substitute for example x=asin2u and get that
 Z a


0


dx
 r x


a−x = 2a
 Z π/2


0


du sin2u=a
 Z π/2


0


du(1−cos(2u)) = πa
 2 .
 Thus we arrive at the same answer for Tf.


2d) We use the above formula for Tf. The mass M in the formula is the mass inside the
 radius a,


M = 4π
 3 a3ρ0.


Here ρ0 is the mass density before the collapse, which is assumed constant in space. Of
 course the density is not constant in time, it increases with time when the core collapses!


The massmis the mass of the falling particle, which is negligible compared toM. Thus
 Tf = πa3/2


2√


2GM = 1
 4


r 3π
 2Gρ0


,


independent of a. One solar mass within a radius of 1000 km gives a density of
 ρ0 = 3×2×1030kg


4π×1018m3 = 4.77×1011kg/m3,
 and a free fall time of


Tf = 0.096 s.
 The whole core collapses within one tenth of a second.


Since all parts of the core take the same time to collapse, the density at one instant of
 time is always constant in space, inside the core.


3a)


Sk =
 Z tk+τ


tk


dt
 1


2mvk2− 1


2mω2(xk+vk(t−tk))2
 


= 1
 2m





vk2τ−ω2
 


xk2τ +xkvkτ2+1
 3vk2τ3



 .


We get the given formula when we insert


vk = xk+1−xk


τ .



(5)3b) OnlySk−1andSkdepend onxk. The equations to be satisfied are, fork= 1,2, . . . , N−1:


∂S


∂xk = ∂Sk−1


∂xk +∂Sk


∂xk =m


2xk−xk−1−xk+1
 τ −ω2τ


6 (xk−1+ 4xk+xk+1)
 


= 0.
 3c) If x(t) = eiλt with=±1 then xk±1 =xke±iλτ, and we get the single equation


2−2 cos(λτ)
 τ −ω2τ


6 (4 + 2 cos(λτ)) = 0,
 which we rewrite as


cos(λτ) = 6−2(ωτ)2
 6 + (ωτ)2 .
 3d) We may write the same equation as


(ωτ)2 = 6(1−cos(λτ))
 2 + cos(λτ) .
 When τ is small we may use the series expansion


cos(λτ) = 1−(λτ)2


2 +(λτ)4
 24 +· · ·
 which gives that


6(1−cos(λτ))


2 + cos(λτ) = 3(λτ)2− (λτ)4
 4 +· · ·
 3−(λτ)2


2 +· · ·


=
 


(λτ)2− (λτ)4


12 +· · · 1 +(λτ)2
 6 +· · ·





= (λτ)2+ (λτ)4


12 +· · · .


We see that we get λ = ω up to correction terms of order τ2. Thus our method is of
 second order.


Not surprising, since the whole method is based on the linear approximation in equa-
 tion (1) in the examination paper, and this has an error of second order. To get the
 next term in the approximation we would assume constant acceleration ak and write


x(t) =xk+vk(t−tk) +1


2ak(t−tk)2 .


4a) Given two eventsA andB with space and time coordinates xA, tAand xB, tB. We use
 the Lorentz transformation for the intervals ∆x=xB−xA and ∆t=tB−tA,


∆x0 =γ(∆x−V∆t), ∆t0 =γ
 


∆t− V
 c2∆x



 ,


with V = 0.6c and


γ = 1


√


1−0.62 = 1


0.8 = 1.25.



(6)The inverse transformation is


∆x=γ(∆x0+V∆t0), ∆t=γ
 


∆t0+ V
 c2∆x0



 .


Let event A be the start of the space ship from the Earth, and event B be the arrival
 at Sirius. Then obviously the observer on the Earth measures the distance to be


∆x= 9 light years,
 and the travel time to be


∆t= ∆x


V = 9 light years


0.6c = 15 years.


It follows from the Lorentz transformation that ∆x0 = 0, this means that the observer
 on the space ship does not move relative to his reference frame. Of course.


The travel time measured by the traveller is, by the Lorentz transformation,


∆t0 =γ
 


∆t− V
 c2∆x





=γ
 


∆t− V2
 c2 ∆t





= ∆t
 r


1−V2


c2 = 0.8 ∆t= 12 years.
 This is the time dilatation effect that the moving clock measures a shorter time than
 the properly synchronized stationary clocks.


One student gives an interesting argument to derive the time dilatation. Let us describe
 the process first in the inertial system where the Earth is at rest (or the solar system
 is at rest, we neglect the relative velocities of the Earth and the Sun). Imagine a light
 signal emitted at an angle θ from the direction between Earth and Sirius such that
 cosθ= 0.6. This light signal has a velocity component along the direction from Earth
 to Sirius which isccosθ= 0.6c. While it travels 9 light years in this direction it travels
 9 light years times tanθ = 0.8/0.6 = 4/3 in the orthogonal direction, that is 12 light
 years. The distance it travels, as seen from this inertial system, is √


92+ 122 = 15 light
 years. Obviously, since the time is 15 years.


Now see the process from the inertial system of the space ship. In this system the light
 travels a perpendicular distance which is the same, 12 light years. The direction of the
 light signal in this system is perpendicular to the direction from Earth to Sirius, and the
 speed of light in the direction it travels is c. Obviously, it takes the light signal 12 years
 to travel 12 light years. Hence 12 years is the travel time of the space ship from Earth
 to Sirius, as seen from the space ship.


4b) So what is the travel distance as measured by the traveller? From the point of view of
 the space ship the rest of the Universe moves with a speed of V = 0.6c in the negative
 x0 direction. During the 12 years of travel time the rest of the Universe, including the
 Earth, moves a distance of


0.6c×12 years = 7.2 light years.


This is the distance from the Earth to Sirius as measured by the observer on the space
ship. It is 9 light years Lorentz contracted by the factor 0.8.



(7)A more formal deduction using the Lorentz transformation may go as follows. We con-
 sider two events Aon the Earth andB at Sirius, thus ∆x=xB−xA= 9 light years, as
 before. But now we require thatA andB are simultaneous as seen from the space ship,
 that is, ∆t0 = 0. Then by the inverse Lorentz transformation we get ∆x=γ∆x0, or


∆x0= ∆x


γ = 0.8×9 light years.


To find the length of the meter stick on the space ship as measured by observers at rest
 relative to the Earth, we reason in a similar way. Now we require that ∆x0 = 1 meter
 and ∆t= 0. Then by the Lorentz transformation we get ∆x0 =γ∆x, or


∆x= ∆x0


γ = 0.8 meter.


These two results together look very much like a paradox. The earthly observer sees
 the space ship observer measuring a distance of 9 light years with a meter stick which
 is only 0.8 meter. The result of the measurement is 9 light years times 0.8, not 9 light
 years divided by 0.8, as one would expect.


4c) Now we take event A to be the emission of the light from Sirius and B to be the
 observation of the light on the Earth. Then ∆x =xB−xA =−9 light years, and the
 travel time for the light, according to the observer on the Earth, is


∆t= −9 light years


−c = 9 years.


By the Lorentz transformation, the travel time for the light, according to the observer
 on the space ship, is


∆t0 = γ
 


∆t− V
 c2∆x





=γ
 


∆t− V


c2(−c∆t)
 


=γ
 


1 +V
 c





∆t


=
 v
 u
 u
 t


1 +V
 c
 1−V
 c


∆t=


r1 + 0.6


1−0.6 ∆t= 18 years.


Another way to calculate the same answer is to note that to the observer on the space
 ship the distance between the light signal and the Earth decreases with a speed of
 c−0.6c= 0.4c. According to the observer on the space ship, when the light starts from
 Sirius the distance to the Earth is 7.2 light years. Hence the travel time of the light
 signal is


∆t0= 7.2 light years


0.4c = 18 years.


We may check the result once more as follows. The light takes 18 years to catch up
 with the Earth, because during that time the Earth moves another 0.6c×18 years =
 10.8 light years away.


Finally, we take event A to be the emission of the light from the Sun andB to be the
 arrival of the light at Sirius. Then ∆x =xB−xA= 9 light years, and the travel time
 for the light, according to the observer on the Earth, is


∆t= 9 light years


c = 9 years.



(8)By the Lorentz transformation, the travel time for the light, according to the observer
 on the space ship, is


∆t0 = γ
 


∆t−V
 c2 ∆x





=γ
 


∆t−V
 c2 (c∆t)





=γ
 


1−V
 c





∆t


=
 v
 u
 u
 t


1−V
 c
 1 +V
 c


∆t=


r1−0.6


1 + 0.6 ∆t= 4.5 years.


Another way to calculate the same answer again is that to the observer on the space
 ship the distance between the light signal and the Earth decreases with a speed of
 c+ 0.6c= 1.6c. Hence the travel time of the light signal is


∆t0 = 7.2 light years


1.6c = 4.5 years.


We check this result also. According to the observer on the space ship, Sirius rushes to
meet the light. During the 4.5 years the light is on its way, Sirius moves 0.6c×4.5 years =
2.7 light years closer, so that the light has to travel only 4.5 light years and not 7.2 light
years.





    
  




      
      
        
      


            
    
        Referanser

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Last ned nå ( PDF - 8 sider - 129.21 KB )
            

      


      
      
        
  RELATERTE DOKUMENTER

  
    
      
          
        
            1712602
        
      

        In April 2016, Ukraine’s President  Petro Poroshenko, summing up the war experience thus far, said that the volunteer battalions  had taken part in approximately 600 military

    
      
          
        
            17-00069
        
      

        This report documents the experiences and lessons from the deployment of operational  analysts to Afghanistan with the Norwegian Armed Forces, with regard to the concept, the main

    
      
          
        
            1812504
        
      

        Based on the above-mentioned tensions, a recommendation for further research  is to examine whether young people who have participated in the TP influence  their parents and peers in

    
      
          
        
            1682712
        
      

        Overall, the SAB considered 60 chemicals that included: (a) 14 declared as RCAs since entry into force of the Convention; (b) chemicals identied as potential RCAs from a list of

    
      
          
        
            1598972
        
      

        An abstract characterisation of reduction operators Intuitively a reduction operation, in the sense intended in the present paper, is an operation that can be applied to inter-

    
      
          
        
            A creature of its time: the critical history of the creation of the British NHS
        
      

        There had been an  innovative report prepared by Lord Dawson in 1920 for the Minister of  Health’s Consultative Council on Medical and Allied Services, in which he  used his

    
      
          
        
            The beginning of the NHS – and the impact on Norwegian health care
        
      

        The ideas launched by the Beveridge  Commission in 1942 set the pace for major reforms in post-war Britain, and  inspired Norwegian welfare programmes as well, with gradual

    
      
          
        
            The XXII Nordic Congress on the History of Medicine –
        
      

        On the first day of the Congress, on Wednesday 3 June, 2009, we will  organize a Pre Congress Workshop on topics related to museums of the  history of medicine, addressing the

      



      

    

    
            
                        
             Last opp dine studiemateriell for å laste ned alle dokumenter.

            
              

                        
  

                
            
            
        
        Last opp
                

            Dokumentet ditt vil bli beriket, delt på 9PDF NO for å hjelpe til med studiene.

          

                    
      
  RELATERTE DOKUMENTER

  
          
        
    
        
    
    
        
            08-01915
        
        
            
                
                    
                    55
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            05-00376
        
        
            
                
                    
                    36
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            1183730
        
        
            
                
                    
                    17
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            1822981
        
        
            
                
                    
                    39
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            08-01463
        
        
            
                
                    
                    56
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Election crisis: The problem is the system
        
        
            
                
                    
                    2
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            The Light of the TARDIS
        
        
            
                
                    
                    66
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Role of the Complement System in the 
        
        
            
                
                    
                    91
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Bedrift

        	
             Om Oss
          
	
            Sitemap

          


      

      
        Kontakt  &  Hjelp

        	
             Kontakt Oss
          
	
             Feedback
          


      

      
        Juridisk

        	
             Vilkår For Bruk
          
	
             Retningslinjer
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Få våre gratisapper

        	
              
                
              
            


      

    

    
      
        
          Skoler
          
            
          
          Emne
                  

        
          
                        Språk:
            
              Norsk
              
                
              
            
          

          Copyright 9pdf.net © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




     
     

    
        
            
                

            

            
                                 
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


