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I NTRODUCTION


The focus of this dissertation is intergenerational mobility. One definition of
 intergenerational mobility is “the relationship between the socioeconomic
 status of parents and the status their children will attain as adults." In this
 context, socioeconomic status might refer to several things, but earnings,
 education, and occupation are typical examples. While there are many
 reasons why intergenerational mobility is worth studying, perhaps the two
 most important ones are fairness concerns and efficiency.


Fairness considerations are relevant because some believe that who one’s
 parents are and where one is born should not matter for one’s outcomes in
 life. Consequently, knowledge about the level of intergenerational mobility
 is necessary to decide whether it is at an acceptable level or whether policy
 interventions are required.


While people may disagree as to whether or not policy interventions should
 target intergenerational mobility for fairness reasons, they may still think
 that it is worth studying for efficiency reasons. The concern in this line of
 reasoning is that talented individuals are unable to fulfill their potential ow-
 ing to their socioeconomic background. Such failure to utilize the available
 human capital in a society is arguably undesirable irrespective of fairness
 concerns.


This policy relevance has lead intergenerational mobility to be a highly re-



(8)searched topic within economics and other social sciences for a long time.


This research has focused on multiple different aspects of social mobility.


Parts of the literature have focused on documenting intergenerational persis-
 tence along dimensions such as earnings, education, and cognitive ability
 (e.g. Black, Devereux, and Salvanes 2005; Black, Devereux, and Salvanes
 2009; Corak, Lindquist, and Mazumder 2014). Other parts of the literature
 aim at estimating the causal transmission of socioeconomic status across
 generations rather than mere correlations.


Another line of research that has gained traction in recent years expands the
 view beyond the role of parents and looks at the importance of where one
 grows up (e.g. Chetty, Hendren, Kline, and Saez 2014; Chetty and Hendren
 2018a; Chetty and Hendren 2018b; Rothstein 2019). Researchers have also
 expanded the focus beyond the role of parents by estimating the importance
 of extended families, including aunts, uncles, and grandparents (e.g. Clark
 2014; Güell, Rodríguez Mora, and Telmer 2015; Lindahl, Mårten Palme,
 Massih, and Sjögren 2015; Solon 2018; Adermon, Lindahl, and Marten Palme
 2019).


A final strand of the literature that needs mentioning expands the focus
 beyond linear relationships and considers non-linear effects and the interplay
 between the various aspects of individuals’ backgrounds in determining
 their outcomes (e.g. Vosters and Nybom 2016; Pekkarinen, Salvanes, and
 Sarvimäki 2017; Vosters 2017; Durlauf, Kourtellos, and Tan 2017).


This is by no means an exhaustive summary of the literature, but that is
beyond the scope of this introduction. Interested readers can refer to the
summaries of the literature given by Black and Devereux (2010) and Björk-
lund and Salvanes (2011). While the intergenerational mobility literature



(9)is vast, there are still a wide array of unanswered questions. This disserta-
 tion consists of three chapters, each of which aims to answer some of these
 unanswered questions:


Chapter 1: Income and family background: Are we using the right mod-
 els? Social scientists have long been interested in the relationship between
 parental factors and later child income. Finding the best characterization of
 this relationship for the question at hand is however fraught with choices.


In this paper we use machine learning methods to assess the ‘completeness’


of one popular modelling approach. Here, completeness refers to how well
 the model summarizes the total predictive relationship between multiple
 parental factors and a single child outcome. Machine learning methods
 enable us to depart from functional form assumptions, allowing flexible
 interactions between a large set of possible parental factors. Using our most
 flexible complete model as a benchmark, we assess the popular ‘rank-rank’


model relating parent and child incomes. Applying our approach to high-
 quality Norwegian administrative data, we demonstrate that the rank-rank
 model explains 68% of the total explainable variation in child income rank,
 based on a broad set of potential parental factors entering a neural network.


Parental wealth and parental education explain the majority of the remaining
 explainable variation. For an extremely tractable model, we consider this to
 be a relatively high level of completeness. In light of our country-wide esti-
 mates, we explore how this measure of completeness varies across regions of
 Norway, finding broadly similar patterns to those found at the national level.


Our results imply that comparisons of regions based on rank-rank mobility
measures may indeed reflect differences in broader notions of equality of
opportunity.



(10)Chapter 2: Status Traps in Social Mobility and Human Capital Investment
 Although intergenerational income mobility is high in Nordic countries,
 parental education still plays an important role in explaining educational
 attainment. Using machine learning techniques, we show that, in Norway,
 obtaining a college degree is not a continuous function of parental years
 of education and that there are discontinuities and interactions at differ-
 ent parental education levels. Parental earnings and the transmission of
 cognitive ability are not the only reasons for the status traps in education.


Moreover, our findings suggest that parental education can compensate for
 lower cognitive ability, whereas paternal earnings cannot compensate for
 low parental education.


Chapter 3: Intergenerational Mobility over time and Across Regions in
Norway In this paper we analyze intergenerational mobility in Norway
for cohorts of children born from the mid 1950s until the mid 1980s and
are grown up today. We focus on regional differences and changes across
regions and within regions over time. We use several measures of income
mobility, and in addition to relative mobility measures like rank-rank, we
use measures to detect changes at different margins, like moving from the
bottom to the top quintile and the share of sins have higher earnings than
fathers. Next, we focus on the mechanisms behind the differences in mobility
across regions and changes over time. We are particularly interested in the
role of human capital investments, the role of the labor market and returns
to human capital and characteristics of the industrial structure and other
labor market characteristics. We use machine learning to identify regional
differences and labor market differences. These to parts of the analysis will
be analyzed together within a panel regression framework in the next step.
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Chapter 1



Income and family background:



Are we using the right models?



Jack Blundell and Erling Risa
∗

Abstract


Social scientists have long been interested in the relationship between parental
 factors and later child income. Finding the best characterization of this re-
 lationship for the question at hand is however fraught with choices. In this
 paper we use machine learning methods to assess the ‘completeness’ of one
 popular modelling approach. Here, completeness refers to how well the model
 summarizes the total predictive relationship between multiple parental factors
 and a single child outcome. Machine learning methods enable us to depart
 from functional form assumptions, allowing flexible interactions between a
 large set of possible parental factors. Using our most flexible complete model
 as a benchmark, we assess the popular ‘rank-rank’ model relating parent and
 child incomes. Applying our approach to high-quality Norwegian adminis-


∗Blundell: Stanford University; Risa: FAIR, Department of Economics, NHH Norwegian
School of Economics. We have benefited greatly from comments and discussions with Abi
Adams, Steve Bond, Raj Chetty, Laura van der Erve, Guido Imbens, Xavier Jaravel, Simon
Jenkins, Brian Nolan, Kjell Salvanes, Jann Spiess and participants at presentations at LSE,
Oxford, Stanford, SSSI Bonn 2018, UoB and NHH. This work was partially supported by
the Research Council of Norway through its Centres of Excellence Scheme, FAIR project No
262675. All code available athttps://github.com/erlris/intergen_ml



(12)trative data, we demonstrate that the rank-rank model explains 68% of the
 total explainable variation in child income rank, based on a broad set of poten-
 tial parental factors entering a neural network. Parental wealth and parental
 education explain the majority of the remaining explainable variation. For
 an extremely tractable model, we consider this to be a relatively high level of
 completeness. In light of our country-wide estimates, we explore how this
 measure of completeness varies across regions of Norway, finding broadly
 similar patterns to those found at the national level. Our results imply that
 comparisons of regions based on rank-rank mobility measures may indeed
 reflect differences in broader notions of equality of opportunity.



1.1 Introduction


Intergenerational mobility, long of interest to academics, has become a key
 topic of policy debate across many countries in recent years. Measures char-
 acterizing the statistical relationship between some aspect of individuals’


adult outcomes and features of their parents appear to be of normative value,
 since differences in adult outcomes stemming from circumstances of birth
 tend to be viewed less favorably than those related to effort or preferences
 (Roemer and Trannoy 1998). If these differences also reflect inequality of
 opportunity, there are potential economic efficiency gains to producing such
 measures. These measures can be used to identify mechanisms through
 which opportunity is diminished, helping countries better utilize their poten-
 tial human capital resources. This unique alignment of equity and efficiency
 concerns make issues surrounding intergenerational mobility a rare point of
 agreement across all sides of the political spectrum.


Numerous measures capturing mobility have been developed, first by so-



(13)ciologists who tended to focus on transmission of social class, and more
 recently by economists tending to focus on income mobility. With a broad set
 of measures to choose from, as researchers we must work to understand the
 statistical properties of each, and why they may differ to one another. Much
 academic energy has been spent debating the appropriateness of different
 measures (Blanden, Greaves, Gregg, Macmillan, and Sibieta 2015), therefore
 any methodological development in the assessment of different measures is
 likely to be a valuable contribution.


In this paper, we introduce a notion of ‘completeness’ relating to an approach
 outlined in Kleinberg, Liang, and Mullainathan (2018) and apply it to the
 setting of intergenerational mobility measurement. We define completeness
 as the extent to which a particular intergenerational model summarizes the
 full predictive relationship between a broader set of parental resources and
 later child income.2 Intuitively, if it is the case that much of the relationship
 between parental factors and child income is unexplained by an existing
 model, alternative models and corresponding measures are needed to fully
 summarize this relationship. This approach requires the estimation of a
 flexible ‘benchmark’ model. To generate this model we utilize recently-
 popularized tools from the field of Machine Learning. Machine Learning
 (ML) methods enable us to model relationships flexibly while ensuring we
 do not confound signal for noise.


Using this general approach, we test the completeness of a model used to
 infer income mobility in many of the most recent papers in the literature,
 the income rank-rank model. This is a linear regression of the percentile
 rank of a child’s income in the income distribution on the percentile rank of


2This relates to but does not coincide with the more conventional definition of complete-
ness found in statistical theory (Casella and Berger 2002)



(14)their parents’ income. We ask the extent to which this bi-variate predictive
 relationship captures the full predictive content of a wide set of parental
 background measures, as provided by a neural network model.


Our approach is demanding in terms of data requirements. Machine learning
 methods are not well suited to noisy, small survey data traditionally used in
 many studies of mobility. Therefore we use high-quality population-level
 administrative data from Norway. This allows us to investigate relationships
 for a number of variables jointly and abstract from measurement error issues
 faced by survey data, which would severely complicate the analysis. We
 envision our approach being applied to multiple countries in future work, in
 order to understand how our results here transfer to alternative institutional
 settings.


Our results show a number of clear patterns. Firstly, we find that the simple
linear rank-rank model explains 68% of the total explainable variation in
child income rank, relative to our benchmark flexible neural network with a
large number of predictors. For such a simple, tractable model, we consider
this to be a high level of completeness and hence an encouraging result
for users of measures based on rank-rank models, such as the recent set of
papers using US administrative data (Chetty, J. N. Friedman, Saez, Turner,
and Yagan 2017). Our full neural network model includes father and mother
income separately, father and mother education separately, household wealth
measures, occupation, marital status, family size and region of birth. Sec-
ondly, we find that a simple model with length of parental education and
wealth rank approaches our flexible benchmark in terms of predicting child
income rank. A model containing income, education and wealth predictors
explains 90% of the total explainable variation.



(15)As an extension to our main results, we explore how completeness varies
 across labour market regions in Norway. We find that completeness is rela-
 tively homogeneous across regions. For most areas, the income rank-rank
 model captures a significant share of the total explainable variation, as it did
 at the national level. One interesting implication of this regional analysis
 is that at least in this settings, comparisons of regions based on rank-rank
 income mobility estimates coincide with those based on a broader notion of
 equality of opportunity discussed in the political philosophy literature.


Our contributions are two-fold. Firstly, our methodological contribution is to
 introduce a new concept of completeness, opening the door to applications in
 many empirical settings. Secondly we implement this completeness measure,
 finding the intergenerational income rank-rank model to be a relatively
 complete summary of broader parental influence on child income. This
 has important implications for the growing empirical literature on income
 mobility.


In Section 1.2, we discuss how our approach here builds on the existing liter-
 ature. Section 1.3 introduces a conceptual framework for our completeness
 measure, for which we outline estimation issues including a brief introduc-
 tion to machine learning in Section 1.4. We discuss the data and empirical
 setting in Section 1.5, before showing our results in Section 1.6. In Section 1.7
 we conclude and indicate directions for future research.



1.2 Literature


Becker and Tomes (1979) and Becker and Tomes (1986) are often cited as
the start of the literature analyzing intergenerational mobility in Economics,



(16)building on an earlier Sociology literature Blau and O. D. Duncan (1967). A
 vast number of papers on the topic have been published since these early in-
 novations, for which a complete survey is beyond the scope of this literature
 review. Comprehensive surveys of the literature in general can be found in
 Solon (1999) and Black and Devereux (2010).


The rank-rank model on which we focus stems originally from Dahl and
 DeLeire (2009), but is now most associated with the work of researchers
 at the Equality of Opportunity Project (Chetty, Hendren, Kline, Saez, and
 Turner 2014). These papers demonstrate that the linear rank-rank model is
 more robust to sample definition and measurement error than the previous
 benchmark measure, the intergenerational elasticity. For these reasons, we
 consider the rank-rank model the state-of-the-art approach and hence focus
 on its properties in this paper. In addition to producing country-wide esti-
 mates, large-scale administrative data has allowed researchers to investigate
 differences across regions within countries (Chetty, Hendren, Kline, and Saez
 2014). In this paper, regions are compared using a large number of measures,
 some of which are based on rank-rank relationships. In our analysis we test
 the extent to which such regional estimates reflect broader parental influence,
 and whether this is constant across regions.


As well as the above papers using US data, availability of high-quality linked
administrative data in Europe has given rise to a range of empirical papers
studying intergenerational mobility. Examples include Bratberg, Nilsen, and
Vaage (2005) who look at income mobility over time in Norway and Bratberg,
Davis, Mazumder, Nybom, Schnitzlein, and Vaage (2017) who compare
income mobility across a number of countries. All studies find relatively
high rates of intergenerational mobility in Norway. Given this, we would



(17)expect in our exercise to find that parental income have little explanatory
 power over child income. The contrast however between mobility estimates
 in Norway and estimates elsewhere reinforces the need to replicate the
 exercise adopted here in different settings.


The majority of papers in the literature assume linearity. Examples of pa-
 pers exploring non-linearities include Durlauf, Kourtellos, and Tan (2017),
 Pekkarinen, Salvanes, and Sarvimäki (2017) and Bratberg, Nilsen, and Vaage
 (2007). A consistent result, which we also find, is that child income are ap-
 proximately linear in parent income throughout the middle of the parental
 income distribution, but increased persistence at the top and bottom of the
 distribution leads to non-linearities. As will be expanded on in Section 1.5,
 rather than income or income at a single point in time, interest is primarily
 in relationship between lifetime income or income. More recent papers on
 the US administrative data have found that non-linearities tend to emerge
 when later ages are used for child income (Chetty, J. N. Friedman, Saez,
 Turner, and Yagan 2017). In our empirical exercise we are able to quantify the
 importance of these non-linearities by progressively allowing more flexibility
 in parental income.


A small number of papers investigate the joint impact of a broader set of fac-
tors for both parents and children. In a well-known and expansive historical
study of surnames, Clark (2014) argues that analyzing single measures of
socioeconomic status leads to estimates of intergenerational mobility with a
severe upward bias. This work sparked discussion, and several papers have
addressed his claim, for example Vosters and Nybom (2016) and Vosters
(2017). These papers estimate a “least-attenuated" measure of persistence
on data from Sweden and the United States. They find no evidence of sub-



(18)stantial bias in prior estimates. These measures assume that measures of
 socioeconomic status are proxies for a single latent variable. An advantage
 of this approach is that multiple factors can be observed and incorporated
 on the parent side, however a disadvantage is the assumption of linearity
 throughout. While we do not explore the importance of allowing for multiple
 child factors, we are able to flexibly include many parental factors.


A series of papers related to ours attempt to decompose variation in child in-
 come by family effects and neighborhood effects. Papers taking this approach
 include Solon, Page, and G. J. Duncan (2000), Page and Solon (2003), Raaum,
 Salvanes, and Sørensen (2006) and Nicoletti and Rabe (2013). This literature
 typically finds that family effects seem to explain more of the variation than
 neighborhood effects. While variance decomposition gives an estimate of
 how predictive (observed and unobserved) family effects are compared to
 neighborhood effects, it is uninformative regarding which particular features
 of the family and neighborhood are driving predictive performance. Hence
 our approach is more informative for understanding mechanisms linking
 parental background to child income.


Applying machine learning techniques in economics is becoming increasingly
 commonplace, as discussed in Mullainathan and Spiess (2017) and Athey
 and Imbens (2017). Some such applications include Kleinberg, Ludwig,
 Mullainathan, and Obermeyer (2015) and Mullainathan and Obermeyer
 (2017). As discussed in the introduction, our method here relates to a concept
 of completeness introduced in Kleinberg, Liang, and Mullainathan (2018).


The authors use a similar notion of completeness, estimated via Machine
Learning, to assess a variety of behavioral models seeking to explain human
perception of randomness. The idea of using machine learning methods to



(19)provide an upper bound on explainable variation is also used in Gathergood,
 Mahoney, Stewart, and Weber (2018) when assessing different models of
 debt repayment. Our approach differs in that we are assessing a descriptive
 relationship rather than competing behavioural models. We also allow our
 complete model to include predictors outside of the original model, and
 hence are simultaneously testing both the cost of particular functional form
 assumptions and the cost of limiting the predictor set. This and our paper
 fits into a broader set of papers using machine learning methods for model
 building and evaluation purposes (for example Liang and Fudenberg 2018).


Related to our approach, a small and growing number of papers are drawing
on machine learning methods to use predictive performance as an object
of interest in itself. As discussed below, one interpretation of our fully
flexible model is as an equality of opportunity measure in its own right. The
interpretation of predictability as a measure of (in)equality of opportunity
stems from theoretical contributions in political philosophy associated with
Roemer and Trannoy (1998). This is the approach taken in Brunori, Hufe,
and Mahler (2018), who interpret the predictive power of regression tree
models as an equality of opportunity measure using cross-country survey
data. Other work using predictive power as a measure include Gentzkow,
Shapiro, and Taddy (2016), who estimate political polarization by predictive
power of congressional speeches over party membership. Bertrand and
Kamenica (2018) use a number of sets of measures including consumption
and time use to predict group membership over time, investigating whether
there has been a change in the ‘cultural distance’ of difference parts of US
society.
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1.3 Conceptual Framework


In this section we introduce our measure of completeness and outline why
 this is a useful approach for understanding the measurement of intergen-
 erational mobility. As demonstrated in the literature review, the dominant
 approach to measuring mobility is to select a single indicator such as in-
 come, and inspect the relationship between parental and child values of that
 variable. Using identical indicators for both parents and children allows
 within-family income across generations to be viewed as anAR(1)process.3
 This then allows consideration of long-run patterns. For example, these
 estimates allow claims such as ‘at this level of mobility, it would take X years
 for group A to catch up with group B’. This approach to mobility has a rich
 history going back to Galton (1877).


While we acknowledge this benefit, we argue that this long-run interpretation
 of mobility is not particularly useful, as there is little reason to believe that
 mobility rates remain fixed across many generations. Additionally, the great
 level of interest in these measures appears to be primarily due to their link
 to equality of opportunity. Crucially, we argue that if one is interested in
 measuring equality of opportunity, beyond ease of interpretation there is no
 advantage to constraining a model to include only a single parental factor,
 and no convincing reason for this single factor to be identical to the child
 outcome. While we consider multiple parental factors in this paper, we
 consider only a single child outcome, namely the child’s rank in the income
 distribution. We hold this fixed, while varying the number of parental factors
 and the way in which they are included as predictors. Of course, if one


3As well as linearity, this is also assuming the impact of previous generations is fully
captured by the most recent generation. There is good reason to question this markov
assumption, as shown for example by Long and Ferrie (2018).



(21)considers child income rank to be a poor outcome measure, the methods
 here could be applied to any alternative measure, such as education, social
 class or accumulated wealth. In practice, there could be many alternative
 outcomes of interest which society chooses to value, such as life expectancy,
 health or wealth. We choose child income rank as it is the dominant outcome
 measure in the current literature, and income is highly correlated with most
 other outcomes associated with wellbeing.


This point can be made clear by way of a simple example, in which we
 only consider parental income and parental education. Consider a world
 in which the observed returns to education among parents are low, so that
 parental incomes are only loosely related to parental education. Among
 the next generation however, returns to education are high, meaning that
 education and income are highly correlated among the children’s generation.


Assume that in this world one’s education is closely linked to the education of
 one’s parents, perhaps through information or through preferences. Clearly,
 income mobility would be high as the link between parent and child income
 is weak. However, incomes of children are tightly linked to education of
 parents. By focusing on income mobility alone, this dependence of child
 income on parental characteristics is left undetected. The total explainable
 variation of child income based on parental characteristics is high, but a
 model including parental income alone would explain very little of the
 variation in child income. Using our approach, in this setting a model
 with solely parental income as a predictor would be associated with a low
 completeness score.


The world described above contrasts with a world in which returns to ed-
ucation are high both for parents and for children. Let us again assume



(22)that education is tightly linked to parental education. In this case, parental
 income will also be tightly linked to child income. The additional predictive
 power over child income one could achieve by including parental education
 would be low. Here then, a model with solely parental income as a predictor
 would be associated with a high completeness score.


A simple way to test for the above is to include education as a predictor in
 a linear model and inspect theR2, or any other measure of fit. The degree
 to whichR2 (or adjustedR2) increases with the inclusion of an additional
 variable is informative of how ‘complete’ the restricted model is. While a
 much-simplified version, this captures the spirit of our approach. Abstracting
 from small-sample estimation issues, this simplified approach would be valid
 if two conditions are satisfied:


1. Child income is linear in all predictors
 2. There are no interaction terms


There is little evidence to suggest that either of these conditions holds in
 practice. It is well documented, for example that child income rank is non-
 linear in parent income rank at the tails of the distribution. Not only this,
 but the linearity assumption will depend on the exact form in which a
 variable enters. For example, is it years of education that matter, or is it
 highest qualification achieved? Similarly, ruling out interaction terms seems
 implausible in this setting. Therefore more complex models are needed,
 which bring their own estimation problems.


An alternative interpretation of completeness as a measure of whether a
linear rank-rank income provides a ‘sufficient statistic’ for the expected
lifetime income rank of children. Though not the focus of this article, this has



(23)practical applications when one thinks of targeting early years interventions.


If one considers the targeting of early childhood interventions based on
 expected future income, it is valuable to know whether this tagging can be
 done purely using simple models including parental income alone.4


Clear from the above exposition is that completeness is defined relative to a
 set of parental factors. This is a disadvantage of the approach. Ideally, one
 would like to include as many features of parents as possible. In practice
 then, our completeness score can be thought of as an upper bound on the
 completeness score achievable if all variables were included. Which variables
 one decides to include will inevitably be in part dictated by data availability,
 but it may also be dictated by normative arguments. The Equality of Oppor-
 tunity literature in political philosophy contains ample discussion of how
 the relevant set of family and background ‘circumstances’ can be determined
 (Roemer and Trannoy 1998). Throughout our results, our approach is to be
 transparent on the set of variables used as predictors in each model and to
 include as wide a set of family predictors as possible. It could however be the
 case that there exists some unobserved factor, for example parental altruism,
 which is yields additional predictive power over later child income yet does
 not enter our model.


While our idea is intuitive, to frame discussion we now give a brief formal
 outline of the compleness measure. Letycdenote child lifetime income and
 yp denote total parent lifetime income. For the child’s year-of-birth cohort,
 letycrandyrp denote the percentile ranks of child and parent lifetime income
 within the child’s cohort. The rank-rank modelfrr(ypr)is the following linear


4This is of course abstracting from the practical issue that these parameters can only be
estimated after the child’s cohort has reached adulthood. In practice some temporal stability
of functional form must be assumed.



(24)projection of child rank on parent rank:


ˆ


ycr =α+βyrp


=frr(ypr)


(1.1)


where α and β are the usual OLS parameters. yˆcr is the predicted child
 rank from this linear projection. Parameterβ is the ‘rank-rank slope’. Note
 that one particular feature of the rank rank model is a one-to-one mapping
 between coefficientβandR2.


Next defineXp as a full set of parental characteristics, which includes ypr.
 Let us define the expectation of child income rank, conditional on parental
 factors asG(Xp), so thatE[ycr|Xp] = G(Xp). Conditional expectationG(Xp)
 minimizes the following population mean square error loss function:


G(Xp) =argminπ(Xp)E[(ycr−π(Xp))2] (1.2)


LettingL(π(Xp)) =E[(ycr−π(Xp))2]for anyπ()function, this implies that:


L(G(Xp))≤ L(frr(yrp)) (1.3)


The rank-rank model must perform weakly worse than the full conditional
 expectationG(Xp)in terms of minimizing the MSE loss function. ‘Complete-
 ness’ is defined as the ratio of these two loss functions:


Completeness= L(frr(ypr))


L(G(Xp)) (1.4)


Note that due to the above condition and the fact thatL(frr(ypr))≥ 0, com-
pleteness is bound between 0 and 1, and can be expressed as a percentage.



(25)Completeness summarizes the cost in terms of explaining variation of the
 outcome, of restricting the model tofrr(yrp)relative to the full conditional
 expectation G(Xp).5 Low completeness scores can be driven by both the
 exclusion of relevant predictors and by poor functional form assumptions.


In Section 1.6 we will discuss our attempt to distinguish between these two
 effects. The completeness statistic can also be written as the ratio of twoR2
 values, R


2
 frr


R2G(Xp), whereR2frr is the populationR2 from the rank-rank model
 andR2G(X


p)the equivalent from the full model. InterpretingR2 in its usual
 way as the fraction of variance explained by the predictors, we then interpret
 completeness asthe fraction of total explainable variance explained by modelfrr.



1.4 Estimation



1.4.1 Statement of problem


A natural estimator of population mean squared errorL(G(Xp))is the sample
 MSE. If functionG(Xp)is known, this is both unbiased and consistent for
 L(G(Xp)):


E[1
 n


X


i


(yrc,i−G(Xp,i))2] =L(G(Xp)) (1.5)


n→∞lim[1
 n


X


i


(yrc,i−G(Xp,i))2] =L(G(Xp)) (1.6)
 In practice,G(Xp)is not known and hence must be estimated.


Two immediate issues emerge with the estimation of this conditional expecta-
 tion. Firstly,G()could be a highly complex function with ample non-linearity


5What distinguishes this measure of completeness from that which is presented in
Kleinberg, Liang, and Mullainathan (2018) is the fact that we allow for a broader set of
predictors in our conditional expectation G(Xp). Their notion of completeness differs
primarily as it holds the set of predictors fixed.



(26)and interactions between individual components ofXp. As we want to ex-
 tract the full predictive power ofXp on child income, it is important to allow
 for these complexities. Non-parametric approaches such as kernel regression
 could be used to achieve this. Secondly,Xp may be high-dimensional. The
 number of predictors inXp may be large relative to the feasible sample size,
 particularly since we need to allow for a full set of interaction terms to truly
 extract all explainable variation. With a large number of predictors relative
 to sample size, conventional methods to estimateG()can be heavily biased.


This is the familiar ‘overfit’ problem in which high dimensionality can lead
 to noise being mistaken for signal.


In the case of high-dimensional linear regression, one strategy to avoid overfit
is to adopt an ad hoc approach to limit the number of variables included in
the model. While in practice this may appear to work well, without allowing
for the full set of possible predictors we will not know which should be
included. Ad hoc methods, such as adding in variables one at a time, or
estimating a series of bivariate relationships, will never allow the researcher
to be sure we are obtaining a good approximation ofG(Xp). If we allow for
non-linearities and interactions, the problem becomes vastly more complex
and ad hoc model selection methods are not possible. For example, with
10 continuous predictors, allowing for mild non-linearities by the inclusion
of third-order polynomials leads to 30 predictors. Allowing for bivariate
interactions then leads to 435 predictors. The strategy of adding in predictors
individually and simply ‘seeing what works’ is not possible if one wants to
allow for a reasonable degree of flexibility.
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1.4.2 Machine Learning Methods


As should be apparent from the above, estimating a conditional expectation
 perfectly coincides with finding the best out-of-sample prediction, provided


‘best’ is defined by minimizing mean squared error. This equivalence is
 extremely convenient, as it allows us to draw on the rapid developments
 in predictive modeling which come under the umbrella term of Machine
 Learning.


Broadly speaking, (supervised) machine learning methods are highly op-
 timized for cases such as these where we would like to obtain the ‘best’


out-of-sample prediction possible, rather than cases where we would like
 to estimate and inspect a set of parameters.6 As outlined in Mullainathan
 and Spiess (2017), the goal of machine learning methods is to provide a
 predicted outcomeyˆrather than an estimated parameterβˆ. Note that in the
 conceptual framework above there is no discussion of the parameter vectors
 underlying the conditional expectation, only the expectation (or prediction)
 itself. The brief overview here is included to help the reader understand
 our results rather than to give a comprehensive introduction to machine
 learning methods. For a complete introduction to machine learning methods
 designed for economists, see Mullainathan and Spiess (2017).


While there exist a vast array of models falling into the machine learning
 label, there are some common steps which bind many of them:


1. Split the full sample into a ‘training’ and a ‘hold-out’ or ‘test’ set


6When using the term ‘machine learning’ in this paper, we refer to ‘supervised’ ma-
chine learning, in which the goal is to predict some outcomeyfrom predictorsX, and the
researcher has access to a set of example observations.



(28)2. Fit models in the training set


3. Assess out-of-sample performance in the hold-out set


The separation of data into a subsample on which models are fit (‘trained’)
 and a mutually exclusive hold-out subsample used to test performance is
 crucial.7 This ensures that we obtain an unbiased estimate of out-of-sample
 performance. When engaged in predictive modeling, we can typically assess
 how well our models are achieving their goal through sub-sampling. This is
 distinct to causal analyses, where the objective is to recover a parameter of
 interest which is fundamentally unobservable. Causal analysis always relies
 on some untestable prior identifying assumptions, which we do not require
 here.


Training our machine learning models involves several steps. Each machine
 learning model has a set of tuning parameters which are to be ‘learned’ from
 the training data which typically determine the complexity of the model. A
 complex model may fit well in-sample, but perform poorly out of simple.


On the other hand, a simple parsimonious model may miss key patterns in
 the data. Therefore choosing complexity parameters involves a trade-off.8
 Cross validation is an extremely-common approach used to choose these
 tuning parameters, which can be thought of as a grid-search approach in
 which an estimate of out-of-sample performance is the objective function.


For our purposes, cross validation consists of the following steps:


1. The training set is divided into k (usually 5 or 10) equal-sized parts,
 named ‘folds’


7In some applications, an additional split of data is performed, giving a training, test and


‘pure’ holdout set. As we are fitting only a small number of models, we do not employ this
 additional data division.


8This is the familiar bias-variance trade-off found in non-parametric econometrics.



(29)2. For a particular set of parameters, the model is fit to data fromk−1of
 these folds, and performance is recorded on the omitted fold


3. Step 2 is repeatedktimes, with each iteration seeing a different omitted
 fold


4. Performance across allk repetitions is averaged


5. Steps 2 to 4 are repeated for a variety of parameter choices


6. The parameter set corresponding to the best average performance is
 chosen.9


Asymptotic results in Vaart, Dudoit, and Laan (2006) suggest that this method
 of tuning approximates the optimal model complexity for out-of-sample
 prediction.


The final step of the process is to estimate the model with the cross-validation-
 chosen parameter set on the test (or hold-out) set. If cross-validation is suc-
 cessful, predictive performance in the test set should be close to performance
 in cross validation sets.


Table 1.1 briefly outlines the five machine learning methods used in our
 empirical setting. These are Elastic Net, Regression Trees, Random Forest,
 Gradient Boosted Trees and Neural Net. The interested reader is referred
 to Appendix 1.8 for more details on our particular implementation. In our
 empirical application, we apply these algorithms alongside conventional
 linear regression for a number of different predictors. These algorithms
 have been chosen in part for their empirical performance across a wide set
 of studies, and in part as comparing their performances aids a discussion


9Alternative ways of selecting parameters also exist. We adopt this approach for simplic-
ity.



(30)of underlying patterns in the data and potential estimation issues. As we
 will show in the results, the choice of particular machine learning method
 turns out to be inconsequential. This gives us confidence that we are truly
 capturing the full extent of predictible variation in our outcome.


test



1.5 Data


Our full dataset consists of all individuals born in Norway between 1970
 and 1975 along with information on parents. This high-quality data allows
 linkages of parental income to child income in tax records, as well as to a
 variety of other characteristics of parents which will enter our models. We
 link children only to biological or adopted parents. We do not included
 predictors based on step-parents. We pool both genders and do not allow
 predictors to interact with gender.10


In total there are 282,770 individuals for whom we observe both child income
 and the full set of family predictors. For computational reasons, we draw a
 random sample of 141,385 (50%) and perform the majority of the analysis
 on that sample.11 In the remainder of this section we describe the variables
 used our analysis in detail.


Income


10While these may indeed be such interactions, this approach is motivated by the observa-
 tion that gender is not something which is determined by family background.


11While it is generally computationally feasible to apply these methods to datasets of over
several hundred thousand observations, we are constrained by the computational power of
the server on which our administrative data is held.



(31)Table 1.1:Five Machine Learning methods


Model Short description


Elastic Net A linear regression model in which coefficients with
 large absolute values are penalized via the addition
 of a penalty term in the objective function. The inclu-
 sion of this penalty shrinks coefficients towards zero
 or sets them equal to zero. Can be thought of as an
 amalgamation of LASSO and ridge regression.


Regression Tree Regression trees pool observations into mutually-
 exclusive rectangular subspaces over predictor vari-
 ables, based on similarity in the outcome variable. The
 model can be characterized as a sequence of splits over
 individual variables.


Random forest (Ranger) Random forests involve the estimation of many regres-
 sion trees. Randomness across trees is introduced in
 two ways, firstly by using a different bootstrap sampel
 for each tree, and secondly by constraining trees to
 search for splits over a random subset of predictors.


Gradient Boosted Trees
 (XGBoost)


An ensemble method in which many regression trees
 are grown and their corresponding predictions are com-
 bined. In the first stage, a single shallow regression
 tree is fit to the data. Each further tree operates on the
 prediction residuals of previous trees. At each stage,
 the algorithm attempts to improve poor predictions
 from previous stages by searching for patterns which
 explain residuals.


Neural Network (Neural
 Net)


The most ‘black-boxy’ of our machine learning models,
 this type of model is based loosely on the structure of
 the brain. This family of models contains an intercon-
 nected group of nodes, organized into layers. Starting
 with input nodes corresponding to predictor variables,
 signals of different strengths are transmitted between
 nodes, and each node performs some non-linear trans-
 formation to the signal. After typically being passed
 through multiple layers of nodes, the resulting predic-
 tion is highly flexible.


Notes: More information on each method is provided in Appendix 1.8, along with full
references for further reading.



(32)Our primary income measure is pension-generating income, which includes
 labor income (employed or self-employed) as well as work-related transfers
 such as unemployment benefits. Our main child outcome variable is income
 as average annual pension-generating income between 30 and 35 years
 old. Children are assigned a percentile rank according to their position
 in the income distribution. Ranks are calculated within each birth cohort
 and individuals with the same average income are assigned the same rank.


Parental income is the sum of mother and father pension-generating income.


In our flexible models we calculate income ranks separately for mothers and
 fathers in order to extract as much information as possible from the income
 measures.


For parents, income is averaged between the ages of 40 and 50. This would
 ideally coincide with the ages of the children (30-35) to truly reflect parental
 lifetime income ranks, however data constraints make this infeasible. In-
 come densities for children, mothers and fathers are plotted in Figure 1.7 in
 Appendix 1.9.


Education


We incorporate several aspects of parental education into the analysis, all
 of which come from the National Education Database. Our main education
 measures are years of education for the mother and the father. The distri-
 butions of years of education for mothers and fathers is given in Figure 1.8
 in Appendix 1.9. In addition to years of education, we are able to include
 indicators for education type in our extended models. Education types in
 the national education database are classified using the NUS2000 standard.


The resulting indicators contain information on both the level of education,



(33)the main field and on subfields. We can for instance distinguish between
 someone studying physics and chemistry.


Wealth


The administrative tax records also provide measures of parental wealth.


The measure is net taxable wealth, i.e. gross taxable financial wealth net
 of debt, so excludes housing wealth. We measure wealth as average net
 taxable wealth between the ages of 40 and 50 and calculate wealth ranks
 separately for mothers and fathers. When calculating the wealth ranks, we
 assign individuals with the same reported net wealth the same rank. This is
 particularly relevant for individuals whose debt is larger than their assets.


The tax records report these individuals as having zero net wealth, and
 consequently we assign them the same rank. A large number of individuals
 hold zero wealth, as demonstrated in the wealth distributions plotted in
 Figure 1.9 in Appendix 1.9.


Extended predictors


In our broadest models, we include a wide set of predictors in addition to
those described above. While our main focus is on parental income, educa-
tion and wealth, we are able to include a wider set of predictors in extended
models. These are occupation type, marital status, whether someone lives in
an urban or rural area, whether they are studying, most important source
of income, region, total hours worked and the number of individuals in the
household.
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1.6 Results


In this section we present the main results of our analysis, starting with
 results from the whole of Norway in Section 1.6.1. Building on our main
 country-level results, in Section 1.6.2 we perform additional analysis on
 individual labor market regions of Norway.



1.6.1 Main results


Initial descriptives


Before moving to the calculation of completeness, we first demonstrate
several important patterns in the data. In Figure 1.1 we plot the conditional
expectation of child income rank on parent income percentile rank for the full
dataset. We see substantial regression towards the mean, demonstrated by a
slope parameter substantially lower than 1 across the distribution. Here we
can also see the approximate linearity, with concavity at the bottom end of
the distribution of parent income and convexity at the top. Figures 1.10, 1.11
and 1.12 in the Appendix 1.9 show the equivalent plots for father education,
mother education and joint wealth. The education pattern is fairly noisy
due to small numbers of individuals with non-standard numbers of years of
education, but not clearly non-linear. The pattern for wealth is very similar
to that seen here for income.



(35)Figure 1.1:Mean child income rank by parent income rank
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Notes: Conditional expectation of child income percentile aged 30 to 35 by parent child rank
 aged 40 to 50. Error bars correspond to bootstrapped 95% confidence intervals. Further
 details on variable construction in Section 1.5.


Rank-rank estimation


We estimate a country-wide rank-rank slope of 0.18. This compares to a slope
of 0.34 found for the US in Chetty, Hendren, Kline, and Saez (2014). It is
worth noting that our data differs from the US-based research in important
ways. For example, our income measure includes several aspects of non-
labor income. Our age restrictions also slightly differ, as does the definition
of the family unit. Nonetheless, our low estimate of the rank-rank slope
is consistent with cross-country comparisons of mobility such as Bratberg,
Davis, Mazumder, Nybom, Schnitzlein, and Vaage (2017). In line with the
literature, our estimate here suggests Norway to be substantially more mobile
in income than the US.



(36)Completeness


Having explored patterns in the data and estimated the rank-rank model,
 we now turn to the estimation of completeness. This involves choosing a
 benchmark flexible (“complete”) model against which we assess the rank-
 rank model. Our benchmark model is the neural network applied to the
 full set of potential predictors listed in section 1.5, including the ‘extended’


predictors. As will be clear in our results, the precise machine learning model
 used does not affect our completeness results, as we get similar measures for
 each. In all but the rank-rank model, parental income enters flexibly with
 second-order polynomials.12


Our first set of results uses our random sample of 141,384 observations. We
 divide these into a training set of 113,108 observations and a test set of 28,276
 observations. Rather than purely show the rank-rank model and the most
 flexible (complete) model, Figure 1.2 shows the hold-out test setR2estimates
 for all models (where possible) and six different sets of predictors.13 These
 test set results are provided also in Table 1.2 in Appendix 1.9. Regression
 Tree model results are omitted. Consistent with other studies, we find that
 Regression Tree models overfit the training sample and hence perform poorly
 in prediction. We maintain the discussion of regression trees in early sections
 as we believe it useful for understanding more complex tree-based methods.


There are several important results yielded by Figure 1.2. Moving from the
 left-most (most restricted) models towards the right of the figure, we first
 see that allowing income to enter flexibly gives moderate gains in predictive


12The models labelled “Income (flexible)" include third-order polynomials in parent
 income.


13Given the substantial computational time, we only apply the neural net model to the
full (extended) set of predictors.



(37)power. This is unsurprising given the conditional expectation plotted in
 Figure 1.1. There exist non-linearities in the relationship between child
 income rank and parent income rank, which are reflected in a greater R2
 once income is modeled more flexibly.


Turning to the third set of bars in Figure 1.2, we see a marked increase in
 predictive power from including wealth variables. Focusing only on the
 OLS estimates, theR2 increases from 0.037 to 0.049, a 32% increase. Elastic
 Net delivers exactly the same predictive performance, and the most flexible
 method applied to these predictors (Gradient Boosted Trees) delivers a small
 improvement on the linear models. The random forest model “Ranger”,
 performs poorly here and throughout. Taken together, this then implies that
 parental wealth indeed carries non-negligible additional predictive power
 over later child income relative to a prediction based only on parental income.


A linear model performs reasonably well relative to a more flexible model.


This also suggests that interaction terms between income and wealth may
 be present, but do not fundamentally affect predictions. This is potentially
 an important result for future empirical work. Wealth variables are rarely
 available, but this demonstrates that parental wealth matters for later child
 income, in a predictive sense, over and above parental income.


Turning now to the fourth set of bars labeled ‘income and education length’,
 we that the pattern is similar to that for wealth. Again, the elastic net model
 does not perform better than OLS. At least in these simpler models, our
 sample size is sufficiently large that overfit is not an important issue in
 practice.


The fifth set of models, labeled “Income, wealth and education length" con-
tains all predictors from the previous sets of models. We see that this model



(38)again gives an improvement in predictive power and similarly to previous
 models, elastic net gives no improvement on OLS. This suggests that overfit
 is again not a problem here. Interestingly, the predictive performance of mod-
 els including income, education and wealth together improves substantially
 on models including only income and wealth, or only income and education.


Observing the performance for the final set of models including the full
 set of income, wealth and education and extended predictors, we see an
 improvement for all methods. Elastic net, the regularized linear model, now
 outperforms OLS. With the extended set of predictors, overfit becomes an
 issue. The most flexible method offers moderate improvement on the linear
 model. Non-linearities and interactions are indeed present, but do not lead
 to substantial gain in predictive power. Without applying our ML methods,
 we would not have recognized this additional predictive power.


Finally, we move to a discussion of completeness. Our complete model is
 the very final column in Figure 1.2. This model achieves anR2 of 0.055. Our
 rank-rank model obtains anR2of 0.037. Dividing these two numbers gives
 a completeness of 0.68. Therefore we conclude that the rank-rank model is
 68% complete relative to the fully flexible model. We consider this to be a
 relatively high level of completeness for such a simple model with only a
 single predictor.


To obtain an estimate of the precision with which ourR2values and hence
completeness are estimated, we can use the cross-validation results from
the training set. Figure 1.3 shows the meanR2 values and 95% confidence
intervals based on 10 cross-validation sets. Reassuringly, these results are
very close to those found in Figure 1.2. We see that our predictions are very
precise, due to our large sample size. We can therefore be confident that our



(39)Figure 1.2:Hold-out test set performance
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 along with third-order polynomials and first-order interactions. For all other models,
 variables included are as discussed in Section 1.5, along with the income (flexible) variables.


The full set of test set estimates are available in Table 1.2 in Appendix 1.9.


estimate of 68% completeness based on the test-set results is not sensitive
 to our particular choice of sample. The full set of training set estimates are
 available in Table 1.3 in Appendix 1.9.


To summarize our main national results, we find that the standard rank-rank
 model explains two thirds of the explainable variation in child income rank,
 relative to a flexible neural net model with a wide set of family predictors.


A substantial share of this remaining explainable variation is explained by
parental wealth and parental education.



(40)Figure 1.3:Training set performance
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(41)
1.6.2 Region-level analysis


In this section, we explore how our measure of completeness varies across
 regions.


Rather than estimating our neural network model at the region level, instead
 we utilise predictions from the national model discussed in the previous
 section. This means that predictions for each region under this model will
 not only be based on observations within that region, but can also learn
 from patterns in the data from outside that region. As region indicators
 are included, it is possible for the neural network to omit any information
 from all other regions when making predictions for one region if these
 other data points provided no useful information. Following in the steps of
 Chetty, Hendren, Kline, and Saez 2014, we estimate rank-rank relationships
 individually for each region, where ranks are determined according to the
 national income distribution. Completeness scores are calculated for each
 region as described in Section 1.3, by dividing theR2of the rank-rank model
 by that of the fully flexible model.


The first panel of Figure 1.4 shows completeness for each labour market
region of Norway. The results are also provided in Appendix 1.9, Table
1.4. The majority of regions fall between 0.4 and 0.6 in completeness. This
is lower than the 0.68 found at the national level. This in part reflects the
previous discussion, that the neural net model is able to draw on data points
from outside each region to deliver predictions. Panels 2 and 3 show the
underlying R2 metrics, first from the rank-rank model and then from the
flexible model. Comparing panels 2 and 3, we see that the patterns are
broadly similar. There is higher predictability in areas to the Southeast, and



(42)relatively low predictability in the West.


In Figure 1.5 we plot theR2 results shown in the map in two dimensions,
 and also show how these relate to the rank-rank slope. While at the national
 level, there is a one-to-one relationship between the rank-rank slope and the
 R2 in the rank-rank model, this need not hold at the regional level. These
 graphs however show that in practice the two are almost identical, with a
 correlation of 0.98. As reflected in the bottom panels, the correlation between
 theR2 in the rank-rank model and that of the neural net is high (0.87). Areas
 in which a child’s later income is highly predictable are indeed those where
 the rank-rank slope is higher.


Overall, we interpret our regional results as showing a large degree of ho-
mogeneity across regions. While there exists some variation, there are no
regions of Norway where parental income captures close to all the predictive
power of family background, yet in all regions parental income is certainly
an important predictor. An interesting implication of these results relates to
the Equality of Opportunity literature spearheaded by Roemer and Trannoy
(1998). In this literature, it is argued that predictive power of family back-
ground is an object of interest in itself, and is directly reflective of equality
of opportunity. This idea is implemented using cross-country survey data
in Brunori, Hufe, and Mahler (2018). While this approach to equality of
opportunity is not without its critics, our results here suggest that if one does
accept predictive power as a measure of equality of opportunity, then the
income rank-rank estimates used extensively in recent US papers do indeed
broadly correlate with equality of opportunity. This is important for those
seeking to understand the normative value of geographical variations in
rank-rank income mobility.
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1.7 Conclusion


In this paper introduce a new notion of model completeness and apply it to
 the setting of intergenerational mobility measurement. Our main finding is
 that rank-rank income mobility models explain approximately two thirds
 of the total explainable variation in child income rank, relative to a neural
 net model with a wide set of predictors. We consider this to be a relatively
 high level of completeness, given the tractability of the rank-rank model. At
 the national level, parental wealth and education are important predictors in
 determining future child income, in addition to parent income.


As an extension to our national results we explore how our completeness
 measure varies across labour market regions. We find generally stable com-
 pleteness across regions. A potentially important implication of this is that
 regional mobility measures stemming from the rank-rank model do, in this
 instance, reflect broader notions of equality of opportunity proposed for
 example by Roemer and Trannoy (1998).


The research presented here leaves many avenues open for further work on
the topic. Firstly, we believe that the general approach of utilising machine
learning to provide a flexible benchmark against which more tractable mod-
els can be assessed is a valuable addition to the toolkit of economists. As
demonstrated by the small recent literature using these types of strategies,
this forces economists to consider not only whether their theory is consistent
with the data, but also the extent to which their model captures the explain-
able variation in the data. Secondly, while we approach the problem here
from a purely statistical perspective, embedding this statistical approach
within a social planner’s problem via a social welfare function would be an



(44)important step in linking this exercise with the extensive literature on welfare
economics. Understanding the conceptual link between measures of equality
of opportunity proposed in the political philosophy literature and measures
of intergenerational mobility estimated by economists is a potentially rich
area of interdisciplinary research. Finally, we encourage the replication of
our approach to other countries, so that we might understand whether the
completeness found here is similar in alternative institutional settings.
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