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Abstract 


Crack width calculations for reinforced concrete structures with imposed deformations are not 
 fully specified in Eurocode 2. The lack of information has resulted in confusion about crack 
 width calculations for reinforced concrete structures exposed to thermal gradients. Therefore, 
 different  engineers  are  using  various  approaches  for  implementation  of  load  effects  from 
 thermal  gradients.  Use  of  restraint  forces  from  linear  finite  element  analysis  and  empirical 
 calculations are two variants of these approaches. The restraint forces based on linear material 
 behavior  are  criticized  for  being  overestimated  and  the  empirical  calculations  of  restraint 
 reinforcement  strain  are  assumed  uncertain  for  concrete  structures  with  a  limited  crack 
 propagation. The behavior of restraint forces from thermal gradients is explained in chapter 1.  


A  calculation  procedure  based  on  nonlinear  finite  element  analysis  in  ANSYS  Mechanical 
 APDL was examined in this thesis. The evaluation of this calculation is based on an earlier 
 experiment where thermal gradient effects on reinforced concrete structures were inspected. 


This  experiment  is  introduced  in  chapter  2.  The  external  restraint  loads  generated  from  the 
 thermal  gradients  were  registered  indirectly  in  this  experiment  through  the  measurement  of 
 axial force in two pre-stressed tie-rods. In addition, maximum crack widths were illustrated for 
 three of the load cases studied in the experiment.  


The procedure used for calculation with nonlinear finite element analysis followed a three-step 
 process. This procedure is described in chapter 3. The first step was to estimate the external 
 restraint  loads  from  steady-state  temperature  differentials  using  nonlinear  finite  element 
 analysis. The nonlinear finite element analysis used in this project considered nonlinear material 
 response and reduced material stiffness due to cracking of the concrete. The estimated tie-rod 
 forces  from  this  analysis  were  assessed  using  modelling  uncertainties  relative  to  the 
 experimental  tie-rod  forces.  These  modelling  uncertainties  were  also  carried  out  for  tie-rod 
 force estimation based on linear finite element analysis. The approximation of restraint forces 
 from  nonlinear  finite  element  analyses  showed  better  accuracy  relative  to  the  experimental 
 forces than approximated forces from linear finite element analyses. These results are shown 
 and discussed in chapter 4.  


The second and third step in the process were the implementation of external restraint loads in 
 the crack width formula and the calculation of crack widths. Crack widths were calculated with 
 four  different  approaches  where  the  determination  of  the  contribution  from  restraint  forces 
 varied. The basis for these contributions was either linear or nonlinear finite element analysis. 


The  linear  approaches  were  based  on  either  an  estimated  restraint  force  or  an  empirical 
 calculation of the restraint strain in the critical section. The nonlinear approaches were formed 
 by the findings in this task. In chapter 5, these four calculations are compared with each other 
 and with the maximum crack widths registered from the experiment.  


Crack  width  calculations  based  on  the  empirical  restraint  strain  using  linear  finite  element 
analysis produced the most accurate results of conservative crack widths. Computations based 
on the procedure using nonlinear finite element analysis also showed relatively good results, 
and it is believed that this procedure can be even better with further investigation. The findings 
related to the calculation of crack widths for situations with thermal gradients are summarized 
in chapter 6, and the further work related to improvement of the nonlinear procedure are given 
chapter 7.  
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Sammendrag 


Beregningen av rissvidder for armerte betongkonstruksjoner med påsatte deformasjoner er ikke 
 fullstendig spesifisert i Eurokode 2. Den manglende informasjonen har ført til forvirring rundt 
 beregningen  av  rissvidde  for  armerte  betongkonstruksjoner  utsatt  for  termiske  gradienter. 


Derfor benytter ulike ingeniører forskjellige tilnærminger for implementering av lasteffekter 
 fra termiske gradienter. Bruk av fastholdingskrefter fra lineære elementanalyser og empiriske 
 beregninger er to varianter av disse tilnærmingene. Fastholdingskreftene som baseres på lineær 
 materialoppførsel er kritisert for å være overestimert og de empiriske beregningene av fastholdt 
 tøyning i armeringen antas å være usikre for betongkonstruksjoner med begrenset opprissing. 


Oppførselen til fastholdingskraften fra termiske gradienter er forklart i kapittel 1.  


En beregningsprosedyre basert på ikke-lineære elementanalyser i ANSYS Mechanical APDL 
 ble  undersøkt  i  denne  oppgaven.  Evalueringen  av  beregningen  er  basert  på  et  tidligere 
 eksperiment  hvor  effektene  av  termiske  gradienter  på  armerte  betongkonstruksjoner  er 
 undersøkt. Dette eksperimentet er introdusert i kapittel 2. De eksterne fastholdingskreftene fra 
 de  termiske  gradientene  var  registrert  indirekte  i  dette  eksperimentet  gjennom  målinger  av 
 aksialkraft i to forspente stag. I tillegg var maksimale rissvidder illustrert for tre av de studerte 
 lasttilfellene i eksperimentet.  


Prosedyren som ble brukt til beregning med ikke-lineære elementanalyser fulgte en tre-stegs 
 prosess. Denne prosedyren er beskrevet i kapittel 3. Det første steget var å estimere den eksterne 
 fastholdingskraften fra temperaturforskjeller i en likevektssituasjon ved hjelp av ikke-lineære 
 elementanalyser. Den ikke-lineære elementanalysen som ble brukt i dette prosjektet tok hensyn 
 til ikke-lineær material respons og stivhetsreduksjon i betongen på grunn av riss. Den estimerte 
 stagkraften  fra  analysen  ble  vurdert  ved  hjelp  av  modelleringsusikkerheter  i  forhold  til  de 
 eksperimentelle  stagkreftene.  Disse  modelleringsusikkerhetene  ble  også  estimert  for 
 fastholdingskrefter basert på lineære elementanalyser. Tilnærmede fastholdingskrefter fra ikke-
 lineære  elementanalyser  viste  bedre  nøyaktighet  i  forhold  til  eksperimentelle  krefter  enn 
 tilnærmede krefter fra lineære elementanalyser. Disse resultatene er vist og diskutert i kapittel 
 4.  


Det andre og tredje steget i prosessen var implementeringen av eksterne fastholdingskrefter i 
 rissviddeformelen  og  beregning  av  rissvidder.  Rissvidder  ble  beregnet  med  fire  forskjellige 
 tilnærminger hvor bestemmelsen av bidraget  fra fastholdingskrefter varierte. Grunnlaget for 
 disse bidragene var enten lineære eller ikke-lineære elementanalyser. De lineære tilnærmingene 
 var basert på enten estimering av fastholdingskrefter eller empiriske beregninger av fastholdt 
 tøyning i det kritiske tverrsnittet. De ikke-lineære tilnærmingene ble formet av funnene i denne 
 oppgaven.  I  kapittel  5  er  de  fire  beregningene  sammenlignet  med  hverandre  og  med  de 
 maksimale rissviddene fra eksperimentet.  


Rissviddeberegningene basert på den empiriske beregningen av fastholdt tøyning fra lineære 
elementanalyser  produserte  de  mest  nøyaktige  og  konservative  rissviddene.  Beregningene 
basert  på  prosedyren  som  bruker  ikke-lineære  elementanalyser  viste  også  relativt  gode 
resultater,  og  det  er  fortsatt  tenkelig  at  denne  prosedyren  kan  bli  enda  bedre  med  videre 
undersøkelse.  Funnene  relatert  til  beregningene  av  rissvidder  for  situasjoner  med  termiske 
gradienter er oppsummert i kapittel 6, og videre arbeid relatert til forbedringer av den ikke-
lineære prosedyren er gitt i kapittel 7.  
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1  Introduction 



1.1  Background 


Limitation of crack widths is a control in the serviceability limit state to ensure the functionality, 
 resistance and satisfactory appearance of a reinforced concrete structure (CEN 2004; Sørensen 
 2014). The control is usually stricter in gas and watertight structures where the functionality of 
 reinforcement  is  vulnerable  to  leakage  (Reinhardt  1991).  For  these  structures  the  limitation 
 varies between 0.20mm and 0.05mm depending on the water pressure (CEN 2006).  


The calculation of crack widths should consider effects from both external forces and imposed 
 deformations  according  to  the  design  codes  in  Eurocode  2  (CEN  2004).  Load  effects  from 
 imposed  deformations  are  caused  by  restraint  of  e.g.  shrinkage  and  thermal  expansion 
 (Reinhardt 2014). These load effects are rather complex, and depends on the structural stiffness 
 (Bruggeling 1987; Tavares & Camara 2010). They are also of particular interest in crack width 
 calculations for liquid containing structures where the limit values are low (CEN 2006). 


The load effects from thermal expansion are today usually calculated with the assumption of 
 linear  elastic  material  behavior  (Brekke  et  al.  1994).  These  loads  are  either  directly 
 implemented  in  the  crack  width  calculation  or  reduced  before  implementation.  A  direct 
 implementation of these loads is criticized to be too conservative (Bruggeling 1991; Reinhardt 
 1991), and the reduced loads are calculated on an empirical basis (Brekke 2017; Det Norske 
 Veritas 1980; Tavares & Camara 2010).  


There is uncertainty attached to the empirical reduction of load effects from thermal expansion 
 used  in  crack  width  calculations  today  (Brekke  2017).  This  uncertainty  is  associated  to  the 
 validity of the empirical reductions in different structural problems. A load effect calculated 
 directly from physical relations would have been preferred to avoid this uncertainty. Nonlinear 
 finite element analyses taking into account stiffness reductions in the structure may be used for 
 such calculations.  



1.2  Previous work 


The research in this thesis is focused on the implementation of restraint forces from imposed 
 deformations in the crack width calculations. Imposed deformation and restraint forces from 
 such  deformations  are  studied  by  other  researchers,  and  this  research  is  important  for  the 
 understanding of the complexity in the restraint force.  


Because of the complexity of restraint forces, there was necessary to make some limitations in 
 this  thesis.  One  limitation  was  the  exclusion  of  other  imposed  deformations  than  thermal 
 deformations,  which  means  that  e.g.  shrinkage  was  omitted.  Another  limitation  was  the 
 exclusion  of  internal  restraint  forces  from  imposed  deformations,  which  means  that  e.g. 


differences in thermal expansion between concrete and reinforcement were omitted.  


In view of the limitations, the research was focused on the implementation of external restraint 
 forces  from  thermal  deformations  in  the  crack  width  formula.  Therefore,  previous  work  on 
 thermal deformations and external restraint forces are briefly presented in Sec. 1.2.1 and Sec. 


1.2.2.  
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Another  focus  in  this  thesis  was  to  implement  external  restraint  forces  in  the  crack  width 
 calculation from finite element analysis. A good approximation of these restraint forces depends 
 on  a  reliable  finite  element  model  (Bathe  2014),  and  the  material  model  for  concrete  is  of 
 importance  for  such  approximations.  Recent  research  on  concrete  material  models  in  finite 
 element analysis has made it possible to take into account more of the real concrete behavior. 


This research is briefly described in Sec. 1.2.3. 


1.2.1  Thermal deformations 


A material exposed to increasing or decreasing temperatures is known to expand or contract 
 respectively  (Tipler  &  Mosca  2008).  This  means  that  the  volume  of  a  reinforced  concrete 
 member  will  expand  if  the  member  is  exposed  to  increased  temperature.  An  increased 
 temperature throughout the volume of the member will cause free expansion in all the spatial 
 directions (El-Tayeb et al. 2017; Tipler & Mosca 2008).  


A  material  exposed  to  different  temperatures  on  two  sides  would  not  experience  a  uniform 
 temperature throughout the volume, but rather a gradient in internal temperatures (Tipler & 


Mosca 2008). For a member of e.g. reinforced concrete, such gradients may be both linear of 
 nonlinear throughout a cross section. These gradients would cause free bending of the member 
 via internal restraint forces. This bending may be estimated based on the assumptions that plane 
 sections remains plane (Ariyawardena et al. 1997; El-Tayeb et al. 2017).  


A linear temperature gradient through the section would cause only free bending of the member 
 in  addition  to  free  expansion,  and  a  nonlinear  gradient  would  cause  both  free  bending  and 
 internal  stresses.  These  internal  stresses  occurs  due  to  the  assumption  that  plane  sections 
 remains plane (Ariyawardena et al. 1997; El-Tayeb et al. 2017). A linear temperature gradient 
 may  be  assumed  in  steady-state  situations.  Steady-state  situation  means  that  the  surface 
 temperatures has been constant over a longer period of time (Tipler & Mosca 2008).  


Both uniform, linear and nonlinear thermal gradient should be taken into account in design of 
 reinforced concrete structures (CEN 2003). The examinations in this thesis are limited to the 
 elongations  and  bending  caused  by  a  linear  thermal  gradient.  This  gradient  and  the 
 corresponding strains in a section are illustrated in Figure 1. 


Figure 1: Linear temperature gradient with corresponding strain distribution for section. 
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The parameters εo and ψ given in Figure 1are the average strain and curvature of the section 
 due to thermal differentials respectively. The measure of the thermal gradient is given as the 
 temperature difference between the maximum and minimum temperature in the section.  


1.2.2  External restraint loads 


Figure 2: Initial state, free deformation and restrained state of concrete member. 


External restraint loads occurs in systems where the free thermal deformations are restrained. 


A restraint may be e.g. the applied boundary conditions (Brattström & Hagman 2017; Nesset 


& Skoglund 2007). The boundary conditions may restraint both elongation and bending of a 
 reinforced concrete member. The restraint of these free deformations may cause both external 
 forces and moments (Ariyawardena et al. 1997; Nesset & Skoglund 2007). A restrained member 
 is illustrated in Figure 2. 


Figure 3: Development in external restraint loads. 
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The external restraint loads contributes to cracking of a structure (Ariyawardena et al. 1997; 


Nesset & Skoglund 2007). The magnitude of the external restraint loads is dependent on the 
 stiffness of the structure (Alfredsson & Spåls 2008; Ariyawardena et al. 1997; Bruggeling 1987; 


Nesset & Skoglund 2007; Tavares & Camara 2010), and the structural stiffness decreases for 
 each  time  of  cracking  (Li  2010;  Sørensen  2014).  This  behavior  is  illustrated  in  Figure  3 
 (Bruggeling 1987). 


The  development  in  external  restraint  loads  and  cracking  can  be  divided  into  four  phases 
 (Bruggeling 1987; Li 2010; Sørensen 2014). In the first phase, the external restraint load can 
 be  calculated  based  on  the  initial  structural  stiffness  without  cracks.  This  stiffness  is  also 
 referred to as the Stage I stiffness (Li 2010; Tavares & Camara 2010).  


The external restraint force based on Stage I stiffness may still cause cracking of the structure. 


The first crack occurs when an internal load combination inclusive the effects from external 
 restraint loads exceeds a critical load combinations for the structure (Li 2010). This combination 
 is given as Rcr in Figure 3. The critical load combination is where the maximum stress in the 
 concrete equals the tensile strength of the concrete (Bruggeling 1987; Sørensen 2014). When 
 the  first  crack  is  formed,  the  structural  stiffness  decreases  and  the  crack  formation  stage  is 
 reached. In this phase, the external restraint load increases based on a reduced stiffness if the 
 thermal  gradients  are  increased.  The  restraint  load  increases  until  a  new  critical  load 
 combination  is  reached  and  then  new  cracks  are  formed  (Bruggeling  1987;  Li  2010).  This 
 sequence is repeated until the maximum number of cracks are formed in the structure.  


When the final crack pattern is formed, the stabilized cracking stage is reached (Bruggeling 
 1987; Li 2010). This stage is characterized with a structural stiffness equal to the sum of the 
 Stage II stiffness and a contribution from tension stiffening. The Stage II stiffness is equal to 
 the  stiffness  of  a  cracked  section  where  only  reinforcement  carries  tensile  forces  (Li  2010; 


Sørensen 2014). In the stabilized cracking stage, the external restraint loads increases due to 
 increased thermal deformations. 


In the end of the stabilized cracking stage, the external loads have reached a level where the 
 internal load combination causes yielding in the reinforcement. Additional forces would then 
 cause mainly plastic deformations in the member, and the restraint forces will stabilize since 
 the additional deformations are not restraint (Li 2010; Sørensen 2014).  


The level of external restraint load reached in Figure 3 is not constant even though the applied 
 thermal  deformations  remains  constant.  The  reason  for  this  is  creep.  Creep  causes  plastic 
 deformations in a material because of a long-term loading. These plastic deformations cause 
 relaxation of the restraint forces (Newman & Choo 2003; Reinhardt 1991).  


Another aspect of creep is that the formation of plastic deformation accelerates if the structure 
 is exposed to high temperatures (Ariyawardena et al. 1997; Bazant 1975). This is a general 
 effect for all the loads applied to a heated structure. 


The relation between cracks and external restraint loads is that cracks widen due to increased 
external restraint loads (Bruggeling 1987), but the cracks widths are also dependent on other 
loads and creep (CEN 2004; Miji Cherian & Ganesan 2014).  
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1.2.3  Material models for concrete in finite element analysis 


The development in the external restraint force is dependent on cracking and tension stiffening. 


The material model for concrete is critical if these effects should be captured in a finite element 
 analysis. The most common finite element analysis used for design today is linear finite element 
 analysis (Brekke et al. 1994). These analyses are based on an elastic material behavior where 
 stresses can increase indefinitely both in tension and compression.  


The cracking behavior of concrete is not taken into account in the linear finite element analysis. 


This has led to nonlinear finite element analysis where some effects from cracking and tension 
 stiffening are taken into account. It is expected that such nonlinear analysis would be used to a 
 greater extend in the future (Vecchio 2001).  


A material model according to Engen et al. (2017) that was originally intended for ultimate 
 design of large reinforced concrete structures is used for approximation of restraint forces in 
 this work. This material model takes into account the nonlinear stress and strain relations in 
 concrete, cracking and compressive failures (Engen et al. 2017b). More details for the nonlinear 
 material model are described during the section about the method.  



1.3  Aim 


The aim of the study in this thesis is to assess the use of nonlinear finite element analyses for 
 calculation of external restraint loads imposed to reinforced concrete structures, and to assess 
 the external restraint loads to be used in the crack width calculations. 


The aim of this study can be divided into two main objectives, which are:  


• Evaluation  of  approximated  external  restraint  loads  from  nonlinear  finite  element 
 analyses.  


• Assessment  of  effects  from  external  restraint  loads  to  be  used  in  the  crack  width 
 formulas according to Eurocode 2 and NS3473.  


These  objectives  are  investigated  based  on  an  experiment  performed  by  Vecchio  and  Sato 
(1990)  with  imposed  deformations  from  thermal  expansion.  Both  increased  forces  due  to 
restraint and crack widths were registered in this experiment. 
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2  Case description 



2.1  General 


The case examined in this project was an experiment of thermal gradient effects on reinforced 
 concrete  frame  structures  performed  by  Vecchio  and  Sato  (1990).  In  this  experiment,  three 
 inverted frames of reinforced concrete were exposed to thermal gradients. The infliction of the 
 thermal gradient was divided into load cases. In addition to increasing gradients, an increasing 
 amount of force was applied to the columns by the pre-stressing of two tie-rods (Vecchio & 


Sato 1990). The setup of the experiment is illustrated in Figure 4.  


The  setup  shows  that  thermal  gradients  in  the  experiment  were  applied  to  the  structure  by 
 heating  of  water  with  a  depth  of  1500mm.  This  water  was  held  inside  the  frame  by  walls 
 connected to an external reaction frame. The only connection between the frame and wall was 
 a flexible membrane. The restraint of deformation in the columns was applied through two tie-
 rods fastened near the end of the columns. These tie-rods were only fastened to the frame during 
 Type II tests, and the columns were free to deflect in the Type I test (Vecchio & Sato 1990).  


The frames were simply supported, with a pinned support beneath the column called C1 and a 
 roller  support  beneath  column  C2.  The  difference  between  the  three  frames  tested  in  the 
 experiment  was  different  amounts  of  reinforcement  in  the  beam  and  columns.  The  three 
 different constructions were named PF1, PF2 and PF3 (Vecchio & Sato 1990). The names for 
 columns and frames are also used in this project and the differences in reinforcement are given 
 in Sec. 2.2. 


Figure 4: Setup of experiment. 
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2.2  Geometry 


The frames used in the experiment had the same exterior dimensions. These dimensions were 
 a height of 2500mm, a length of 3000mm and a width of 800mm. The thickness of the structural 
 parts was 300mm and the tie-rods were fastened 300mm from the end of the columns (Vecchio 


& Sato 1990). These exterior dimensions are illustrated in Figure 5. 


Figure 5: Exterior dimensions of experimental frame. 


Inside the inverted frames, longitudinal reinforcement was applied with different amounts in 
 the  three  frames.  PF1  was  equally  reinforced  in  both  columns  and  beam.  PF2  was  less 
 reinforced in column C2 than the beam and column C1. PF3 was less reinforced in the beam 
 than in the columns (Vecchio & Sato 1990). The geometrical properties for reinforcement are 
 given in Table 1 and the reinforced cross section is illustrated in Figure 6. 


Figure 6: Reinforced cross-section. 
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The reinforcement bars used in the experiment were called #10, #20 and #25. The area of these 
 bars were set to 100 mm2, 300 mm2 and 500 mm2 respectively (Vecchio & Sato 1990). The 
 same names and areas are used in this project. For layers of reinforcement with different bar 
 areas, area of a bar was set equal to the average bar area. 


The spacing between longitudinal reinforcement bars was not given in the article of Vecchio 
 and Sato (1990). Since this was an input variable in the modelling of reinforcement, the rebars 
 were spread to give the experimental area of reinforcement. This was done by spreading the 
 bars equally over the width of the cross section. The equation for the spacing is given in Eq. 


(1). 


s = b


n (1)


Factors used in Eq. (1) are:  


s    Spacing between reinforcement bars in the longitudinal direction (mm).  


b     Width of frame (mm).  


n    Number of longitudinal reinforcement bars in the layer.  


Table 1: Geometrical properties for longitudinal reinforcement. 


LONGITUDINAL REINFORCEMENT 


PF1  PF2  PF3 


BEAM


As’   (mm2)  1200  1900  900 


d’  (mm)  55  50  50 


As (mm2)  1200  1900  900 


d  (mm)  245  250  250 


sl (mm)  200  160  267 


COLUMN  C1 


As’   (mm2)  1200  1900  1900 


d’  (mm)  55  50  50 


As   (mm2)  1200  1900  1900 


d  (mm)  245  250  250 


sl  (mm)  200  160  160 


COLUMN  C2 


As’  (mm2)  1200  900  1900 


d’  (mm)  55  50  50 


As (mm2)  1200  900  1900 


d   (mm)  245  250  250 


sl (mm)  200  267  160 


Unexplained parameters used in Table 1 are:  


A ′     Area of reinforcement in the top layer of reinforcement (mm2).  


d′     Center distance to reinforcement bar in top layer (mm). 


A    Area of reinforcement in the bottom layer of reinforcement (mm2). 


d     Center distance to reinforcement bar in bottom layer (mm).  
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Shear reinforcement was also applied in the cross sections. This reinforcement was applied as 
 stirrups around the longitudinal reinforcement. The area and spacing used for the stirrups are 
 given in Table 2 (Vecchio & Sato 1990). The center distances from edge to stirrups were not 
 given  in  the  article  by  Vecchio  and  Sato  (1990).  Since  these  distances  were  used  during 
 modelling, it was assumed that the stirrups were in contact with the outer face of the #20 bars 
 in the longitudinal direction. It was also assumed that the #10 and #20 bars had a diameter equal 
 to  10mm  and  20mm  respectively.  The  center  distance  from  edge  to  the  stirrups  was  then 
 calculated by Eq. (2).  


d = d − 0.5 ∙ (∅# + ∅# )  (2)


New factors used in Eq. (2) are:  


d    Center distance from edge to stirrup (mm). 


∅#        Diameter of #20 reinforcement bars (mm).  


∅#        Diameter of #10 reinforcement bars (mm).  


Table 2: Geometrical properties for shear reinforcement. 


SHEAR REINFORCEMENT 


PF1  PF2  PF3 


ALL  PART


S  Av  (mm)  100  100  100 


sv (mm)  150  150  150 


dv (mm)  40  35  35 


Unexplained parameters used in Table 2 are:  


A    Area of stirrup (mm2).  


s    Spacing between stirrups (mm).  


All  the  reinforcement  given  in  the  article  by  Vecchio  and  Sato  (1990)  was  applied  in  the 
 structural finite element models.  



2.3  Material properties 


Material properties for the concrete and reinforcement used in the frames were tested in the 
 experiment performed by Vecchio and Sato (1990). The tested material properties are shown in 
 Table 3 and Table 4, and are used in this project.  


Table 3: Material properties for concrete. 


CONCRETE 


PF1  PF2  PF3 


fc  (MPa)  42.4  48.4  30.1 


fcr (MPa)  3.12  3.80  3.1 


Ec  (GPa)  28.9  33.5  33.0 


αc (10-6/°C)  9.86  11.9  12.1 
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 Unexplained parameters used in Table 3 are:  


f    Cylinder strength of concrete (MPa).  


f    Critical tensile strength of concrete (MPa).  


E    Elastic modulus for concrete (GPa).  


α    Thermal expansion coefficient for concrete (10-6/°C).  


The thermal diffusivity for concrete was also given in the article. This value was measured to 
 0.774  mm2/s  and  was  used  to  derive  the  thermal  conductivity  of  the  concrete.  The  thermal 
 diffusivity was assumed equal for all the frames in the experiment (Vecchio & Sato 1990). 


Table 4: Material properties for reinforcement. 


REINFORCEMENT 


PF1  PF2  PF3 


fy  (MPa)  448  450  448 


Es (GPa)  217  200  200 


αs (10-6/°C)  12.4  12.0  12.0 


Unexplained parameters used in Table 4 are:  


f    Yielding strength of reinforcement (MPa).  


E    Elastic modulus of reinforcement (GPa).  


α    Thermal expansion coefficient for reinforcement (10-6/°C).  


The yielding stress tested for reinforcement was given for both #20 and #25 bars in the PF2 and 
 PF3 frame. The values used in the model are given in Table 4. These values are the average 
 yielding stress for the two bar dimensions.  



2.4  Load cases  


Ten load cases for each frame were investigated in the validation process of the model. The 
 first load case investigated for the frames was a Type I test where the columns were free to 
 deflect due to the applied thermal gradient, i.e. no pre-stressing applied. The thermal gradients 
 used from this test were from a steady-state situation that occurred 18 hours after application 
 of the gradient (Vecchio & Sato 1990). The thermal gradients were defined by the temperature 
 on the inside and outside of the frame structures. The temperatures used to make gradients for 
 Type I testes are given in Table 5. 


The initial temperatures of the frames before heating were also given for each load case. These 
temperatures  were  measured  on  both  the  inside  and  outside  of  the  frames.  The  initial 
temperatures given in the following tables are the mean temperature of the temperature on the 
inside and outside. The mean temperature was used as a reference temperature in the structural 
finite element analyses.  
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Table 5: Temperatures for Type I tests. 


FRAME  LOAD 
 CASE 


TYPE I TEST 
 Ti 


(°C) 


Tw 


(°C) 


Tc 


(°C) 


ΔT
 (°C) 


PF1  1  19.9  89.2  35.6  53.6 


PF2  1  14.5  90.7  32.6  58.1 


PF3  1  16.3  91.8  31.9  59.9 


Unexplained parameters used in Table 5 are:  


T    Initial temperature of frame (°C).  


T    Temperature on the inside of the frame - warm surface (°C).  


T    Temperature on the outside of the frame - cold surface (°C).  


∆T     Steady-state thermal gradient through the cross section (°C).  


In the Type II tests, pre-stress was applied to the frames through tie-rods. Three different levels 
 of pre-stress were applied to the frames. For each level of pre-stress, multiple levels of thermal 
 gradient were applied. The loads were applied to the frame with an increasing amount of force 
 to cause increased crack propagation (Vecchio & Sato 1990). Nine load cases for each frame 
 were examined for the Type II test in this project. These load cases are given in Table 6, Table 
 7 and Table 8.  


Table 6: Temperatures and pre-stress for frame PF1 in Type II tests. 


LOAD 
 CASE 


TYPE II TEST 
 Ti 


(°C) 


Tw 


(°C) 


Tc 


(°C) 


ΔT
 (°C) 


Fpre 


(N) 


PF1 


2  16.5  25.0  15.7  9.3  3170 


3  15.0  65.0  23.6  41.4  3030 


4  13.3  91.1  29.6  61.5  3060 


5  16.5  35.5  20.7  14.8  22910 


6  15.7  56.0  25.9  30.1  22850 


7  14.6  92.4  31.5  60.9  23050 


8  15.8  35.9  20.8  15.1  38460 


9  14.9  54.1  24.2  29.9  38190 


10  16.9  93.9  34.0  59.9  39110 
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Table 7: Temperatures and pre-stress for frame PF2 in Type II tests. 


LOAD 
 CASE 


TYPE II TEST 
 Ti 


(°C) 


Tw 


(°C) 


Tc 


(°C) 


ΔT
 (°C) 


Fpre 


(N) 


PF2 


2  16.8  27.5  19.7  7.8  3720 


3  16.1  52.2  24.0  28.2  3890 


4  14.5  86.0  28.4  57.6  3540 


5  15.2  34.9  22.2  12.7  29550 


6  29.2  55.7  23.3  32.4  29530 


7  16.7  92.8  33.5  59.3  29470 


8  15.2  35.7  20.4  15.3  44060 


9  18.0  57.8  26.7  31.1  44430 


10  16.8  93.1  35.8  57.3  44160 


Table 8: Temperatures and pre-stress for frame PF3 in Type II tests. 


LOAD 
 CASE 


TYPE II TEST 
 Ti 


(°C) 


Tw 


(°C) 


Tc 


(°C) 


ΔT
 (°C) 


Fpre 


(N) 


PF3 


2  15.7  25.7  18.9  6.8  4030 


3  14.3  65.3  22.3  43.0  4340 


4  14.2  83.3  27.6  55.7  3860 


5  12.1  34.1  16.4  17.7  21400 


6  14.0  54.1  22.2  31.9  21400 


7  14.5  92.8  30.4  62.4  20900 


8  13.2  35.0  19.5  15.5  33400 


9  15.5  55.1  23.9  31.2  33200 


10  16.0  93.5  32.0  61.5  32600 


An unexplained parameter used in Table 6, Table 7 and Table 8 is:  


F        Applied pre-stress in tie-rods (N).  



2.5  Crack widths 


The  article  by  Vecchio  and  Sato  (1990)  illustrated  crack  widths  for  three  different  load 
 combinations  for  structure  PF3.  The  maximum  crack  widths  from  these  illustrations  were 
 registered. These crack widths are given in Table 9.  


Table 9: Crack widths for frame PF3 registered in experiment. 


LOAD 
 CASE 


TYPE II TEST 
 w 


(mm) 


4*  0.42 


7  0.50 


10  0.62 
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 An unexplained parameter used in Table 9 is:  


w     Crack width (mm).  


The first load case given in Table 9 was not one of the load cases picked in Sec. 2.4. This load 
 case differed from the other load cases since the thermal gradient was held constant in 7 days 
 (Vecchio  &  Sato  1990).  The  load  case  was  inspected  separately  in  this  thesis  just  for 
 examination of the crack widths. The load case was called 4* since it was a load case with 
 similarities to load case 4. The temperatures and pre-stress applied in this load step are given in 
 Table 10. 


Table 10: Additional load case for frame PF3. 


LOAD 
 CASE 


TYPE II TEST 
 Ti 


(°C) 


Tw 


(°C) 


Tc 


(°C) 


ΔT
 (°C) 


Fpre 


(N) 


4*  14.4  93.1  30.9  62.2  3980 
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3  Method 



3.1  General  


A three-step process was used to calculate crack widths with effects from imposed deformations 
 based  on  nonlinear  finite  element  analyses.  The  imposed  deformations  considered  in  these 
 calculations were the thermal expansion in the frames used in the experiment by Vecchio and 
 Sato (1990). The first step in the three-step process was to approximate the external restraint 
 forces from thermal expansion. These approximations were based on nonlinear finite element 
 analyses. The nonlinear finite element analyses were based on nonlinear material behavior. The 
 material  model  used  for  concrete  in  these  analyses  took  into  account  nonlinear  material 
 response, cracking and compressive failure (Engen et al. 2017b). 


Figure 7: Three-step process for crack width calculation with thermal effects. 


The external restraint forces approximated in the first step were used further in the second step. 


In this step, the external restraint force was used to approximate the strain distribution for a 
 cracked  cross  section.  This  strain  distribution  was  the  basis  for  crack  width  calculations. 


Parameters  as  compression  height,  effective  concrete  area  and  reinforcement  stress  were 
 calculated from this distribution. These parameters were further used in step three.  


The third step was the calculation of the maximum crack width. This calculation was based on 
 the design rules in Eurocode 2. The calculated crack widths were compared to measured crack 
 widths  from  the  experiment  by  Vecchio  and  Sato  (1990).  The  three-step  process  with 
 intermediate objectives is shown in Figure 7. These objectives are further explained in the next 
 sections.  


Approximations of the external restraint forces based on linear finite element analyses were 
 carried out next to the nonlinear finite element analysis. The approximations from linear finite 
 element analyses were compared to the approximations from nonlinear finite element analysis. 


The results from linear finite element analysis were also used to calculate crack widths based 
 on  an  existing  empirical  method.  These  crack  widths  were  compared  to  the  crack  widths 
 calculated using nonlinear finite element analyses.  



3.2  Finite element method  


The  finite  element  method  was  used  for  approximation  of  the  external  restraint  force  from 
 thermal expansion. This method approximates a field variable like temperature or deformation 
 within a real structure. The approximation takes place by meshing the real structural geometry 
 into  finite  elements.  The  response  of  the  field  variable  is  then  further  approximated  locally 
 within the elements based on interpolation functions and material properties (Huebner et al. 


2001). 
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The  local  element  responses  are  then  further  assembled  to  approximate  the  response  of  the 
 global system. This assembling process is based on continuity of the field variable between 
 elements. An approximated solution of the field variable can then be found given a set of loads 
 and boundary conditions. The solution can also be used for calculation of other related variables 
 (Huebner et al. 2001). This procedure in the finite element method is illustrated in Figure 8. 


Figure 8: General procedure in finite element method. 


The assembling process described above results in a mathematical representation of the system. 


The finite element programs are developed to solve complex variants of these mathematical 
 representations. The reliability of the solutions is dependent on the assumptions made during 
 modelling  (Bathe  2014).  This  reliability  of  the  finite  element  model  is  examined  with  a 
 comparison  of  the  results  against  the  original  experiment  by  Vecchio  and  Sato  (1990).  The 
 modelling was focused on the use of measured parameters from the experiment. This focus was 
 chosen to reduce the number of assumptions, and to capture more of the uncertainty in the used 
 material model for concrete.  


The process for finite element modelling in Figure 8 is used as a basis for explanation of the 
 thermal and structural finite element analyses performed in this project. These explanations and 
 assumptions during modelling are given in the next sections.  



3.3  Thermal finite element analysis 


The  first  objective  in  the  first  step  of  the  three-step  process  was  the  approximation  of 
 temperatures  within  the  frames.  A  thermal  finite  element  analysis  was  performed  for  each 
 examined load case to approximate a steady-state thermal gradient through the cross sections 
 of the frames. The frame was meshed into 3D thermal elements. The elements were assigned 
 conductivity, and temperatures were applied as boundary conditions in external nodes on the 
 inner and outer surface of the frame.  


A steady-state thermal gradient is a temperature distribution, which is independent of time. The 
 distribution of temperatures was approximated based on Fourier’s law of heat flow. This law 
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states that heat will flow in the system if temperature differences are present. The steady-state 
 gradient was then calculated by assuming that energy was conserved in the system (Hens 2010).  


In this thermal finite element analysis, effects caused by convection, internal heat generation 
 and radiation are neglected. These effects could have been taken into account by an extended 
 analysis,  but  in  this  case,  surface  temperatures  from  a  steady-state  situation  were  given 
 (Vecchio & Sato 1990). Because of this, it is assumed that the difference between these types 
 of analyses is small in this particular case. 


3.3.1  Thermal element response  


The  experimental  geometry  of  the  concrete  was  meshed  into  SOLID70  elements  from  the 
 ANSYS  element  library.  This  element  was  used  since  the  nodal  temperature  solution  was 
 compatible  with  the  SOLID185  element  used  in  the  structural  analysis.  The  SOLID70  and 
 SOLID185 element were equal with respect to size, form and number of nodes. The size and 
 form used for the elements were chosen due to approximation of deformations.  


The SOLID70 element had eight external nodes with temperature as the only degree of freedom 
 in each node. The distribution of temperatures within the element is approximated based on 
 interpolation  functions.  These  functions  are  adapted  to  the  geometry  of  the  element  by  a 
 polynomial expression (ANSYS® Academic Research Mechanical Release 18.0). The element 
 is illustrated in Figure 9.  


Figure 9: Eight-node thermal element used for thermal finite element analysis. 


The heat flow within the elements is three dimensional, but occurs only in the directions where 
temperature difference is present. This is according to Fourier’s law of heat flow. This law is 
the basis for a thermal finite element analysis (Huebner et al. 2001). Fourier’s law is applied 
together with the law of conservation of energy to approximate a steady-state solution for the 
elements.  Energy  conservation  ensures  that  the  amount  of  heat  within  the  element  remains 
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constant (Hens 2010; Huebner et al. 2001). This implies that heat flowing from one node in the 
 element needs to be received by the other nodes in the element.  


The heat flow within the element is approximated with the vector of nodal temperatures and a 
 matrix describing the conductance of the material. The derivation of this conductance matrix 
 for  an  element  is  shown  in  Eq.  (3)  (Huebner  et  al.  2001).  This  equation  approximates  the 
 conductance related to conduction with the interpolation functions and the conductivity of the 
 material.  


K ( )= B k B dΩ


( ) (3)


The matrices used in Eq. (3) are:  


K ( )      Element conductance matrix related to conduction. 


B       Temperature gradient interpolation matrix. 


k       Thermal conductivity matrix.  


Ω( )        Volume of element.  


The only material property given as input in the calculation of the conductance matrix related 
 to conduction was the conductivity of the concrete. This property was calculated from a given 
 thermal diffusivity; see Sec. 2.3. The equation used for calculation of the conductivity is given 
 in Eq. (4) (Byron Bird et al. 2002). The conductivity of the concrete was applied equal in all 
 the directions of the material.  


k = α ∙ ρ ∙ c  (4)


The factors used in Eq. (4) are:  


k      Conductivity (W/m·°C). 


α      Thermal diffusivity (m2/s) . 
 ρ      Density (kg/m3).  


c      Specific heat capacity (J/kg·°C).  


The density and specific heat capacity were needed to calculate the conductivity from thermal 
 diffusivity.  The  density  was  set  equal  to  2400  kg/m3  by  assuming  normal  concrete  (CEN 
 2002a). The specific heat capacity of concrete was assumed constant and equal to 1000 J/kg·°C 
 for the examined load cases (Klieger & Lamond 1994). 


3.3.2  Thermal system response 


The local responses of the elements were assembled into a global system response. This was 
done  by  adding  the  local  conductance  properties  into  their  respective  position  in  the  global 
conductance matrix. The global conductance matrix made the nodal temperatures dependent on 
the heat flow through all elements connected to the node. In this way, it provide continuity of 
temperatures within the frame. The general equation for the system is given in Eq. (5) (Huebner 
et al. 2001).  
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K T = R    (5) 


The matrices and vectors used in Eq. (5) are:  


K         Global conductance matrix related to conduction (W/°C). 


T         Nodal temperature vector (°C).  


R         Nodal heat load vector from specified nodal temperatures (W).  


3.3.3  Solution of thermal finite element analysis 


The general equation is solved by setting either a temperature or a heat load for each node in 
 the system. This was done in the project, by application of temperatures on the inner and outer 
 surface of the frame. The temperatures used on these surfaces were taken from the article by 
 Vecchio and Sato (1990); see Sec. 2.4. These temperatures were changed for each load case 
 according to the given data.  


The nodes on the inner surface of the frame were given high temperatures and the nodes on the 
 outer  surface  were  given  low  temperatures.  Temperatures  were  applied  in  all  nodes  on  the 
 respective  surfaces.  This  is  a  simplification  of  the  real  temperature  distribution  since  the 
 measured temperatures were from a region with water on the inside. The simplification was 
 performed since no information was given about conditions above the water surface.  


The temperature difference between the two surfaces generates heat flows in the system. The 
 heat flow between the surfaces is illustrated in Figure 10. 


Figure 10: Heat flow between warm and cold surface. 


The heat flow illustrated in Figure 10 is one-dimensional, but the nodes in the area around a 
 corner would experience heat flow in two dimensions. This effect is caused by cooling from to 
 surfaces.  


In the nodes where temperatures are unknown, the heat load is set to zero. The calculation of 
an unknown temperature is then based on equilibrium between heats flowing in and out of the 
node due to the defined temperatures.  
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3.4  Structural finite element analyses 


Two different structural finite element analyses were performed to approximate deformations 
 in  the  structure.  These  were  a  linear  finite  element  analysis  (LFEA)  and  a  nonlinear  finite 
 element analysis (NLFEA). The nonlinear finite element analysis was nonlinear due to material 
 behavior. A nonlinear material model according to Engen et al. (2017) was used in the NLFEA. 


The NLFEA was the second objective in the first step of the three-step process, and the external 
 restraint forces were indirectly registered from these analysis.  


Reinforcement was embedded into the concrete elements in the structural analyses to give the 
 system the behavior of a composite material. The reinforcement were modelled with an elastic 
 behavior in the LFEA and a bilinear elasto-plastic behavior in the NLFEA.  


The structural finite element analyses were performed for two load situations. In the first load 
 situation, the thermal gradient was applied to an unrestrained frame together with self-weight 
 and water pressure. In the second load situation, the frames were restrained by tie-rods attached 
 to the columns. The loads involved in the second load situation were dead loads, water pressure, 
 external and internal restraint forces and pre-stressing of the tie-rods. The two load situations 
 were called Type I test and Type II test respectively. The external restraint forces were a part 
 of the internal force in the tie-rods after application of the thermal gradient from the thermal 
 finite element analysis in the Type II test.  


A solution of the structural analyses was carried out based on force equilibrium for the system. 


The LFEA was solved based on force equilibrium for the linear-elastic material behavior, and 
 the NLFEA was solved iteratively based on force equilibrium for the nonlinear material model 
 using the Newton-Raphson method. The solution from NLFEA was accepted when an energy 
 based  convergence  criterion  was  fulfilled.  A  convergence  criteria  and  iteration  process 
 according to Engen et al. (2017b) were used in the solution of the NLFEA. 


3.4.1  Structural element response 


The  structure  was  modelled  with  the  real  geometry  from  the  experiment  and  meshed  into 
 SOLID185 elements. The SOLID185 element is the equivalent structural element to the thermal 
 elements used in thermal finite element analyses. These elements were meshed with the same 
 form and size.  


The  SOLID185  element  is  an  eight  node  three-dimensional  structural  solid.  Deformations 
 within  the  element  is  approximated  by  use  of  three  polynomial  interpolation  functions 
 (ANSYS® Academic Research Mechanical Release 18.0). This element-type was used for the 
 concrete  parts  of  the  structure.  Within  each  element,  the  stresses  were  evaluated  in  eight 
 integration points.  


The  size  of  the  mesh  was  chosen  with  respect  to  the  approximation  of  deformation  in  the 
NLFEA. Since cracks can occur in this analysis, the size of the mesh was influencing the crack 
propagation. A fine mesh was chosen, but still in a size where the assumed average material 
behavior could be assumed valid. The size of the elements is given in Figure 12 and a meshed 
frame is given in Figure 11. The element size gave four elements in the width of the frame and 
six elements in the thickness of the frame.  
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Figure 11: Meshed frame in structural finite element analysis. 


Since  the  experimental  structure  was  made  of  reinforced  concrete  (Vecchio  &  Sato  1990), 
 reinforcement was embedded into the SOLID185 elements. The reinforcement was added as 
 smeared layers with uniaxial stiffness. This was done by use of the REINF265 element from 
 the ANSYS library. The nodes and degrees of freedom for this element are the same as for the 
 related  SOLID185  element  (ANSYS®  Academic  Research  Mechanical  Release  18.0).  A 
 typical  element  used  for  reinforced  concrete  in  the  structural  finite  element  analyses  is 
 illustrated in Figure 12.  


Figure 12: Reinforced concrete element used in LFEA and NLFEA. 


The layers of reinforcement were defined by an area of the reinforcing bars and the spacing 
between these bars. This area was smeared out into a homogenous layer with an orientation of 
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stiffness in the direction of the bars. The layers were placed within the concrete elements in a 
 defined  distance  from  one  of  the  surfaces  of  the  concrete  elements.  The  area,  spacing  and 
 location  used  for  the  reinforcement  in  the  model  are  given  in  Table  1 and  Table  2.  The 
 orientation  of  the  reinforcement  was  defined  in  the  global  axes  for  the  system  due  to  the 
 orientation of the cross sections.  


The effect of REINF265 elements is a locally increased material stiffness in the direction of the 
 reinforcing bars within the SOLID185 elements. This is taken into account in the calculation of 
 the element stiffness given by Eq. (6).  


K ( ) = B C B dΩ 


( ) (6)


The matrices given in Eq. (6) are:  


K ( )       Element stiffness matrix. 


B       Strain interpolation matrix . 
 C       Linear material stiffness matrix.  


Ω( )        Volume of element.  


The input needed to calculate the element stiffness were material stiffness properties of concrete 
 and reinforcement. These properties were defined by the elastic modulus and the Poisson ratio 
 of the materials in the LFEA. The elastic modules of the materials were extracted from the 
 experiment by Vecchio and Sato (1990). The elastic modules used in the model are given in 
 Table  3  and  Table  4.  The  Poisson  ratios  were  set  equal  to  0.2  for  concrete  and  0.3  for 
 reinforcement  (CEN  2004;  CEN  2005).  The  material  relations  used  for  concrete  and 
 reinforcement in the LFEA are given in Figure 13 and Figure 14 respectively. 


Figure 13: Material relations for concrete used in LFEA and NLFEA. 


In the NLFEA, properties for concrete were defined by a user defined material model according 
to Engen et al. (2017). The input used for this model were the cylinder strengths of the concrete 
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given from the experiment by Vecchio and Sato (1990). These strengths are given in Table 3. 


The  implemented  material  model  assigned  nonlinear  stress  properties  to  the  concrete.  The 
 nonlinearity also took into account tensile failure due to cracking and compressive failure due 
 to crushing . The stiffness of concrete used in the calculated element stiffness equaled the initial 
 secant stiffness for the given cylinder strength (Engen et al. 2017b). The material relation for 
 concrete in the NLFEA is illustrated in Figure 13.  


The  stiffness  properties  of  reinforcement  in  the  NLFEA  were  defined  with  a  user  defined 
 material model and a Poisson ratio equal to 0.3. The user defined material model for bilinear 
 isotropic hardening was used for reinforcement. The reinforcement was given elastic behavior 
 up  to  its  yielding  strength  (ANSYS®  Academic  Research  Mechanical  Release  18.0).  After 
 yielding,  a  lower  elastic  modulus  of  2  GPa  was  assumed  to  cause  a  yielding  effect  of  the 
 material. The elastic modulus used before yielding was equal to the modulus used in LFEA. 


The yielding strengths used for the model are given in Table 4 and the material relation used 
 for reinforcement in the NLFEA is given in Figure 14. 


Figure 14: Material relations for reinforcement used in LFEA and NLFEA. 


Due to the temperature rise in the reinforced concrete structure, thermal expansion coefficients 
 were assigned to concrete and reinforcement elements. Measured values from the experiment 
 by Vecchio and Sato (1990) were applied in the model. These values are given in Table 3 and 
 Table 4. 


In the load cases with pre-stress applied to the structure, tie-rods were modelled with LINK180 
elements from the ANSYS library. These elements have three translational degrees of freedom 
in each of their two nodes, but only uniaxial stiffness. The element was also given a tension-
only effect that made it function as a wire (ANSYS® Academic Research Mechanical Release 
18.0). The element used for tie-rods is illustrated in Figure 15. 
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Figure 15: Tie-rod element used in LFEA and NLFEA. 


The material properties of the LINK180 elements were assumed equal to reinforcement steel. 


This resulted in an elastic modulus of 200 GPa and a thermal expansion coefficient of 12 με/°C 
 (CEN 2004). These elements were also assigned a cross sectional area equal to a circular section 
 with diameter of 25 mm (Vecchio & Sato 1990).  


The  LINK180  elements  were  attached  to  the  reinforced  concrete  structure  by  a  multi-point 
 constraint. This connection consists of a master node where the node of the LINK180 element 
 is attached. Between the master node and multiple nodes on the reinforced concrete frame, it is 
 a rigid connection. This constraint was replacing the force distribution function of a steel plate 
 in the model. The multi-point constraint is illustrated in Figure 16. 


Figure 16: Multi-point constraint between tie-rod and reinforced concrete structure. 


The rigid element in the multi-point constraint was only assigned rigidity in the direction of the 
tie-rod. This modification was done to prevent restraint forces in the reinforced concrete due to 
thermal expansion. With the modification, the connection surface between the rigid element 
and the reinforced concrete structure was free to expand in in-plane direction. The free and rigid 
directions of the multi-point constraint are illustrated in Figure 16. 
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